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3o«t flow P»ofel««8 of a«wtoiil.aa ^ Swa-Mawfeocimi fluids 
ff*e pr«s#ot tiitsis e •oslsts of tli« following tm 

parts t 

Fart I t Flow' prob,*.«ffis of naQ**litwtoniaii (powor-la'W ifti 
%i seo*«lastio}flui<3i« 

Fart. II I Flow mid h«at»trttnsf®r probi«» of Mowtoolaya 
fluid in Oiirved ohaiujtlt* 
la %km first part (chapters li to VI), ws arc 
coae*rned with the action of Uir#® t^pea of ncti^iicwtoalauQ 
fluids wi** 

(i) Foiwir-law fluidap 

(il) Special type of non*liewtoniaa fluid exhlMtlng txith 

pctfcf*law mid Mewtoaian b«amtiour» 

(ill) Oldro^*s iKKicl of visco^elastic fluid. 

la tbtt sacoiwl part (chapters WXI to |X)| wc discuas 
the strewa .lisifC' flow of a iowtoaiaa fluid through a carwetl 
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Of flow pjrobi.e2iS of j^wtooi&n 0uiclg in cwv«i oltaimols 
iiAs b«ea io the iotrodootory first efcjipter of thl« 

thesis* Apart trm the ^oenil survey of the ellitd 
pjpoblesasi this chapter also coiitaioa the liisohssioii ©f 
these flow problems that have led us to formulate our owa 
researcb probi«#s* this chapttr also eontaius tfie diicussloo 
on tiMt oanstitutive e<|uatlona of U^m flui<ls idbieb we have 
used in wur re sea rob prob^e^is * 

In tlie seocaid chapter we have developed the theory 
of ♦♦iisiiar solutions of the bouadiry layer equations for 
power»law fluids* • for both tlia pseudcKplastSe and dllataat 
models* We obtain in this aaniier the gene rail sat ions of 
the F.iiaer-dkan eQuatlori# the veloelty distribution of the 
potential How is found to be proaortimial to a poiWir of t^e 
^ length of arc measured along the wall from the st^ifnatioii 
point* Xaportant particular oases that m have considered 
here iiioliide the following t 

(i) the boutidary^layer flows along a %^dgey 

(il) the boundarylayer flows along a flat plate, 

(iii) the bound ary-layer flows in a ooii?#rg«it channel, ^ 

(iv) tiiai*dimeii8ional stapiation point flows* 

In the third chapter m have disoussed the 
pressure drop in the inlet l^gth of a elreular pipe for the 
flow of a nim'Hiewt^Qian power^law fluid* Pplle wing the 
Kaimen-pohlhaueea 'metinidt by assuKl^iif a euMe and two fourth 
degree velooity prefilee, all the oonstants oeourlng in the 
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cm be detexieiiMid fr«8 the homMrf 
mmditiotis except bite one *'»**• to this aonstwat 

iogue Cl9h®)| Oh iclhttio eoergy ecaisia«r»itioii»i had siig*-«®t#<l 
this •»a‘* to be eqiisl to where w is tfc® flow 

behaviour ihdea of the pewer»ltw aodel. m luive suggested 
aud used au alteroative prluelplt vis* a oiMiMhatd.<Qii of the 
prihoipie of the least squares md the prioeiple of equal 
ihtegrated iiinetio energy to tvalu>ite c^iis ODOstanti and 
have eo.ispared our results with, those of Bogue 

la the fourth clriapter we have used a sixth dtgaree 
veioolty profile using Stirffiw-PohlhAusfii method for the 


siagle»relaxatlca3i<*tSme visGo*elastie liquid near a stagaatioa 
point. It is found mat both the lKiundary*layer thiolcaesa 
and the skin fr lotion deorease with the inerease of mu*' 
dim«;isioi4al viseoHi^lastie para»eter A « fhs t wo^dimensioa 


■site ffiodel of viseo*elastio fluid and here we find that the 


elastio parameter X inoreasea. fJse dissipation fmetim 
for the same fluid nu-s also lanm fmand to agree wtm the 


earlier standard result 


In the fifth ehapterg the steady flows of a vlsoo- 



at th« other and oo# of sh# platea (or eylladera) is novios 
pa rail to Itsslf vith a ocnstiiit raloGitf* Ms hairs also 
fomd ths i»liiticNas for ths oass %ih.en ths -mlocity of 
iojsetloii aad suction has any salus bat ths rslsotation ti»t 
paraaistsr is s^all and vics-*ircrsa* 

In ths sixth ohapt@r» ws Itars olrtftlnwS th« exact 
analytical soluttois for the flow of a non«lfswtcaiiaii fluid 
characterised ty the rheological equation i 

Uj = -v- i 

I X=I ^ 

both between two parallel plates and in a circular pipe 
under a aonsttnt pressure gradient* the soluticsis for the 
general walue of n being eery conplicited algebraieallyi 
have also given the series solutions for the fluids tdiieh 
either the Kewtonlan or the pow*r*law tem nay be roi^arded 
as a perturl«tian over the other rsore dofalnant tera* lie 
have also obtained the solutiois for s-xae particular val.iies 
of w • 

In the sevi'nth chapter | we have carried out timom* 
tical calculations for the steadyy laainary inccmpressible 
flow of an ordinary viscous Mewtoni-an fluid in a- curved auMiUlus 
Correspond in® to strean fmctlan ^ , pressure gradient |= 
and the velocity lo' for the case of a straight annulus we 

f t ' / ■ 

have fOiJiui mm ^ smA ^ respectively 

for the curved annulus on the suppositico ef^ secondary flowe 


in tri« flc»w iue to tte our¥atiir« wtd&h M» 

hem a8Siia«4 to b« saall, ht first tr.;e fiow par*ai«ter« ar« 
ovaioatecS for th« general case liid ttien a particular •xm.jIc 
is solved nuiiiericaily* fhe .jraphieal rspresmitattons of tli« 
flow lio® la th® plane of sysaetry and th« projecticm of 
strtaa lines oa a aoraal cross-section are given* Only the 
case of Imrp radius of curvature of the aimulus is ie^aside- 
r«d$ more precisely tnis a>emi tliat Uui ratio of tte radius 
of the oiter cUrvfd pipe to t!iat of the circle la voicli tUe 
coitBion axis of t-l*® two curv*.ci pipes is coiled is sufficiently 
sisall* 

la tao l?4st two chapters Cchapter ¥111 :a'*d IX)* we 
shall he pre sea ting our theoretictl stuiles la tlie field of 
coavective heat transfer prohlts la curvc-di cliaaaels* these 
curved chamiels are t CD curved pipe with circular cross- 
section Cii) curved annular space hetweea’two circular 
cyliaders* 

la the eighth chapter we have cuasidered the conve- 
ctive heat-tr ihsfer flow of lacoapressible Mewtoaiaa liq^uii 
under a constttt pressure gradiiuatt through u circular pipe 
whose asis forms a circle of large radius i ia coaparisoa 
with the radius of ttie croas-sectDa* Wtm temperature of the 
wall is ttept Ooastaat both with respect to time as well as 
with rei^eet to directicaii and both the velocity sad the 
temperature proHlas are fully develop«d* We have 

ti::od of iufosiaf a pertiiupbati<an tessera ture over ^e 
results Ibr •orrespoadiac heat-tr«sfer probleu for 



ia the flow 'iue to tb« eiipi^atiip# ifl4©h tea 

hem aatiiAtd to fe« «aall. ht flptfc tr,e flow papaaaters ar* 
«valiait«‘i tor Ui« gm«pal caa* aod then a partlotilap ejt*i.;iX« 
li nttiierieally* the .jpaphlcal peppesmtattoai of the 

flow line ia the plane of tyaiaietpy and the projeetlon of 
atPtam Ilnee on a nora^al oross*s«otim are given* Qnlf the 
eaae of lapp radius of curvature of the musluIus is inside'- 
redi acre precisely this ijseati that the ratio of the radius 
of the «Jt«r cUrvfd pipe to that of the circle in uhieh the 
Qoxjiom aals of the two curvi-d pipes is coiled is sufficiently 
snail* 

In the lojit two chapters (chapter fill md %X)$ ym 
shall be presenting our theoretical stuiits in tiE*« field of 
oanveetive heat transfer problem in curv«4 channels* these 
curved oMmU'ls are t (i) curved pipe with circular cross** 
section (li) curved isiniiular space between 'two circul’ir 
cylinders* 

In the eighth chapter we have considered tiuti coave** 
ctlvt heat**truiisfer flow of iocoaprtssible Newtonian liquid 
under a conaiiint pressure gradimt throu^ a circular pipe 
whose aais foists a circle of large radius i in coapariaon 
with the radius of l^ie cross^sectian* #ie tetsaperature of the 
wall is kept both with respect to tisae as well as 

with reflect to directions and both the velocity wid the 
teapertture profiles are fully deve3op>^d* We have adopted 
the aetcod of iJ«|^a.Sni a perturl^tion teapermture over 4ie 
Mnown resulta for the eorresponding heat**trmsfer problen for 


a atraight clrcuiar pipe, 4 nvt'Bbejr of graph# have heea drava 
to show the ttsaperature profile ifi#i4e the pipe tp® fhow 
tile iocai heat transfer rate on the nail o'f the pipe giving 
the effeot of the eurwatare of the pipe* have alto 
oaioul>%t€(i the slcin friction on both the c.^<iiv€x ani the 
siie of the pipe an4 fouiid out teat the hi 'her 
teaperature Slfftrence in tiie liquid an bath sldti of «he 
vertical diameter is sore due to the value of the Frandll 
number than due to tJM» rise in shin -friotiv^ni because 

the skin frlctloii is hi^er on the C'.invex side of the pip# 
than on the concave side. 

In the ninth ch^tpttr we have ecsiiidered a problem 
eisilar to that of the eighth chapter i»e* here the curved 
chafttiel is the annular space b®twi«ni tm circles 

rotated round an aaLls in the ssiue plane distant ^ fron the 
centre, ^e have considered the fiillf developed Cboth hi’dro* 
dynaaictllir and the small |r) laminar forced flow, the getNsetrj 
of the annulus is the sa:a« as that in chapter Vll • and the 
method of approach to the problem, the. ti^e as that in the 
preceding chapter. Both the vidls of tim annulus (for the 
salce of slnpllcitsr) are kept at the same tsmip^rature. Me 
have bema. able to evaluate the tmeperiture profile through 
the annular region and also the local heat transfer rate at 
the inner and the outer valla of the antmlme, 

the vorli presented in this thesis forms part of the 
folloving papers t 
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1 • 1 i »% * ,:Jij ^ i*X s,l i» t 

tm pr®s«tifc eft-'tpt®*' aisa : to giv# brltf a©«oaiit of 
th® proWwaa of an Il»i4 fio'ias -Mia of Uww%>mlm 

fluid flows in ciAi-irvd so as to placo our own 

ooiitriMti<.»is to th«s« ppobl®TSs la tntip proper perspective* 

■lection 1*2 fllscusses briefly wftat no(i*tt®wtonl-an 
fluids are witile section 1*3 sose at tii# constitutive 

«<4tt<itiais for ci»s« fluids, specially for aft©**® fluid • wit to 
wMcli w® ire going te tee e«r*c*ra^ la part l of tuiis ttoe^ls. 
tection 1*4 gives an accoutit of tto# work done on , teoimdary 
layer flows of power-law fluids mri at our awn contr ibutSons 
to ttie i^icto are presented in detail in ctoapters 21, 111 
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m of t-'4s ti'ic-sis* iieetlofi 1.& glv<-s i eoirospondtog acaowit 
for vlsoa-«ias'tic fluid flows s^iich w« litve ';Jlseu»s«d In 
cr.'ipter ¥ of tiils thesis* Ssctiuj l*l» givo.^ a bri»-f mmmit 
of our ifiteftigatl-jos on noii«>I<le%ftaxiia{i flul-'ls whli^ a?» not 
includesi in tti® niaia th®;il 3 . Elections 1.7 ?uid i*i gtr* ft 
iurvty of %he «3E|j«rl's.'*nt?il md theoretical atydies im fluid 
flow -md teat transfer In mr^i^d channels au»d give the aala 
results obtained h^r ua. 

1. ^ hoi4-*¥ t »4 /hi li wl iXi 

fi»« rheological ©quation of state (or the coastltutiv® 
equation) of a todi? is defined in general as the relation 
betuten kineaatlc suid dynaaical variables for the body. For 
ftifflple one*diiiitmsi£ftial flow of the slsiolest type of fluid 
coit aonly known a® Hewtonian Huid this is defined by a direct 
proporfeivnaiity betwemi shear-stress ^ mid she inlue^d rate 
of shear C > so that 

rr - u du. 

^ ~ Cl. "'.I) 

file eonetmt of proportionality, is calii^d the 
fluid viscosity, yhlle many of the comaonly known fluids are 
iewtoniwi, yet Unere are many others id.ich dtviftte fron this 
.$odel« illl the fliiddi tha.t donot cunfore to Um gimplm ■ 

Imw C 1*^*1) ere elftstified is non-Hewtoniani obviously, frcn 
ffiftthe»tlcftl point of view, the definition of non-lie%rtoniftii 
hehaviouf inoludei m far wider class of rheolo^!ical relatiois 
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tisaii tit-ifc of 'itt flaiti* ao" -ioiily aiii»«ri fiafi-Wewtoiiisyn 

fluili irv the sii»rrii==s» sot-p »oluEioiiS| .p'»st«r, tays, v*y.kms 
siis3p-"''i'isi‘.*»*8> »i- .ualy-ierai grea«s«St oils* 

¥- 4 i*ai)?ifi #8 aiij "\ nu. tsy of lubricatiog oil* «fee« 

Mau^insw&oui/wi fluids :itay te elassiilfed rou^bly 
iuto a*« folloviiifc tlir^c cl%sE«-s aeconliitv: m ti'j* aoa» 
ttfwtoiiiaa vlacaslty ^ mily oa urn of sheir 

Of it Is 0 it t'M' i'yftVious iilttory of flow as wsll as 

Oil tiw. 'ft'itt of »hm'*T or thtfe tt ® fluid ©altl'is 
vii^cuus '^isd ir.t .elastic featur.. 

1. purely iiscous fluids 
2« /luiis 

3« il 3CO-®l:istie Hulls, 

m sfaii lii ti.ls tliesi s» ii»cU8« tii« flow benaviosir 
■yf iti® first md Uj« tfilrd types of tht ajw-iiiswtoniaf* fiui'ii 
ouiy* 


P u »i ili>- ® 1 u*4 i'l ul ou 

Piireiy viscous .fluids are ti»ots for waleto tiM 
sae'irui.i stress is a fiffictiua of rat® «f striio ooly* ttil* 
clais of Huid* mm"^ Jiirther subdivided iato t 
(t) Bia l».att Plastic Fluids 
(b) patiido-*pl attic Fluid* 

Cc) Bllatarit Fluids 

dtp-acdlirt; aii the Midire of relatlonsMp of sd€'iir«*stress and the 
rat® of shear* BiBi^«» plastic fluid it tt.@ si»jl®ftt type of 
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fluids in zhe sente Unat th« relatl iiSnio 
tm sf*e r s&ress ti-i# j^i‘.#:ir-*r.a€e lifferi frasi of a 

ilewt-jiiiaii fluid oiily by zhp fict tiiiti for one^dlitniatsjlaiial 
flcWf tftssUv^ii tii# i‘C'iuti-.'ai3i4.j^ la liiwaf, its ^ru 'h does not 
;iass toreiisilTi iiji# Stun a finite 8f»®ar<rig ttfess 

is ii*'’Cessarj; to Initi -•ste ti.# naveais-ii t« fn# .jlistic flow of 
an isotrc •.!« fluid is descrJfced by wldroj^-l toy tn« 

ayss^Ki. of eq«ial;i .ns s 





wiw^rt are tm devlatorie stress teiisor c-fflyon^nts, rj^ 

is tn® oanstMit r#«iproaal isatoUity y«d cr tli« yS^^-id value of 

til® material. ji^ttatlc>t*a are vaiid only ^ ^cr * 

< cr- f ttot aat trial tMsfcav% « as m tlastic solid. 
ii3»ci*tfipl*-s ©f tii# fluids wiictx Have toesn stated, to Isav# 
approjilisatftly plaatl® lH'.r*avlaur ar® drUiiag siidsi 

su»p»mimt.a of etoallti iiralasi rockS| toothpastes, oil® and 
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paiata and sludgei ete, 

Pseuvsoplastic fluids are secaiiid la itt^’rortaac® ottiy 
to .fluids. For ofie-dfewaioriil Howi they •Jl8,>la| 

th® iiowt*i#ard flow aurv«- reiatiaasMp For 

fcirie case yie rx»eolo,;ical ©quatiofi for a piwiMoplastie 

power-law fii4d is givea ty ttm e-^uati^ai t 


t 


tk 


- K ' C^I X- 

I ^ Jl-H Km ^ 


h=i 
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wivtre Vs yuid ar® called the C'-oalataiicy ai»d flaw, 
beiviviaur ittHeoi respectively -ttini py < i • 4 pseiidopiastla 

fluid 'iiay be ti'wu.lit of as a fluid aaa;;»oitJi of solid 'Wid 
liquid particles* which loea uot dilate at rapid shear rates. 
fh@ a8:^3etric particles of its solid coiiteot* 'St uitiher 
ratfi'3 of stMi jr alij^o tl*esjsclvt a aloog tlieir major axes la tim 
direct 1«« of the flow caushig thereby a redueti.wn of shear- 
itress a$ the .sl*ear-rat« iaercases. iJy iaersasiwi; tfi® nmAt 
rate ui.tiMi;itely a situatic-fi may mrls* Wi.ea ao f4»rU.#r 
aii.ifiiiimt ’Along the sti’e-«niiri€s is oOJ^sii'ie. Ir.ea Uie .Huid 
will cease to icfet*avfe as pseudopl istic. It beaaves cberea.fter 
a 3 ii«w&uai<ai fluid. 

i;qttati«» a.diXataMt pcwsr-Iaw flillci 

whm% A > 1 • ailataacy occurs mnt frequeitiy ia 

susp«aaloai of Halida at hlij;h solid coiitmt. It sigalfles the 
quality of dilatatlur» as was observed by Osborne deynolds utio 
.first perceived tii® chMicml' Just! fi cat Icsi why the strtS'P in 
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«uci; Iricrcasca yitt. lit# si»€ fi uidsi 

iii ui.clr af rest, wh#lr 

Boild j'lrfelcies, wj.ich f U l«d ^itii th« 3i<|Uid eonialiied 

in :lie rsuid* so t.r« fluids nt Ion rites* 

ti* liquid iufcric-ites tine aoticii of one partlele .Mat the 
other tod eansecjUftitJ f , stress?? a ’tr« «%11* But at 

M.,ijier rates of shear, thr; d«ise packing of the solid parti* 
ci«s hretka atii to# material Jilates sll,jhtly causing thereby 
ifeattr voidage tottneen tt^e solid particles todch because of 
nc:.t being fully filled by toe liquid provides lesser 
lubricutlai. to solid particles and thus greater streasts are 
ei.p©rUriG«'’d at ti^c greater rates of si’siay. 

fl ^wu • to a s to w Ft. si *Js 

4 ¥isco*ela;gtic fluid posaesi»^s Soto tr*® slasti© 
itod toe vigeoui properties* Wissn a vlsco-eiastic fltod is 
flowing, certain laseiiiit of energy is stored up in tot mte: iml 
as strain ®*i®rgy* iMle sou® «aerg> is la^t due to viscous 
dlstipatito* Oidroyd*» fluid, mxmll*s fluid, Blvlin* 
iriokson fluids etc* are aOi»e of toe visco*eias6l« fluids 
repr«a«*'iting dilute sustmnslans of solid particles in vlsccms 
liquid t or tot «iulsl U-i d suipenai.;^! of one tteutoniaii 

liquid iab© anwtiiar* 'iiscoelastic effeats are observed in 
poiy'fter solutiaas swell as polyaetoyl-attberylate solutltos 
ujiti air in towlit-it* Ail the viaco-tlaatic fl»iidt exibit tht 
norJtl stress •fftets, aiul tout toess nar^il strsts tf:'«cts 


s 


do tmt ri€c®s3arily dopiaad iol«ly on fluid ©lasticltfi but 
this ,' 2 «£i<eraliy is tht casci »rid too osual as v«ll as tho laost 
otttstpviditiij, tod iai^orttot ex.an;ples of systs.aa ixhibltifig 
xioraal stress effects are cleariy elastic ia nature. 

tm pioneering studies of i^leis sen berg dwionatrated 
Um of elastic fluids on to a shaft rotating within 

tlsi fluid I in opposltia'i to tiie c-ntrlfugal forces* 'fiiis 
‘rfeisaenberg effect is also aanifested by an axial tsiisim in 
such a Huidi if it is suffieiisitly viscous to be **eut’* 

(fts in the case of molteiri polyaer)| the liquid that has 
eliabed up tn# siwift .'say be observed to contract 
lou^itudinally* 

fet*! flUlijfd 

fise^dependerjtt noii‘*lletftoiiiitn fiulds esihibit a 
rtv^'raibie coan.^® in tn® aiijmrtiit viscosity of »or® co»|ile 3 t 
fluids et const mt tstsperature with the duratia. of sb«ar» 
fhis definitioci ejtcludes Irrewersibl® chmgcB du® to 
p«3f»iment alterjiatlons of particles or *oiefi«l«s within tti® 
fluldi and is limited to steady-state effects in contrast to 
the unste«dy-8t-it® tia® effects associated with vlsco-' 
elasticity* these fluids say- farther he subdi¥ld«d into two 
classes a 

(i) 'fhixotropic Fluids 
ill) Idieopec tie Fluids 


aecordinf as the shear stress deertases or increases with tine 
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wh«ti tfie fluid is rmt«. Itowswi*, m 

sliall <.at discuss %hm flow of tras clmis of fluid* 

Xu Utils thesis MS have sainl:^ eouflued oufitlvss 
to the study of onl.y ttose types aoii»Seiidioiil.aa fluids vIk# 
Ci) ij8fcl»ld->de•^^^aale po%Mir-ia%f fluid 
Cii) £^@01 ml class of ncri*li®utoulau fluid 
Ciii) Oldroyd*s aodel of visco-ei-isfeic fluid 

kTe shall now discuss tiie constitutive equmtious 
for tdnese fluids s 


1*3 l*y ri % i l ^liqfiuPd 


CD Qstwald-d«»waal« Power-Lav Fluid 

4 nearly endless variety of equatiwis have been 
proposed for portrayal of purely viscous ncn-Mevtoiilm flow 
behaviaurt particularly for pseudo-plmstlc fluids* One of the 
reodels of sufficlwat inters- at is the Ostimld-de-^smle •power- 
lav* model that obeys the stressf strain-rate relationship 
character iaed by the rheolo^’ical equatisn t 




Ci.3»l) 


where k hnd vv are called the consistency and the flow 
behmwioior indices respectively* If v\ < i ^ the apparent 
viscosity decreases with increasing shear stresst the 
fluid it called the pseudoplastic power-law fluids vdaereast : 
if > i t i^parent viscosity increases with increasini 
shear stress and the fluid is called the dilatatit poi^r-lav Huid*. 



la practical easest the relatim ttoufii 

«fl<p«ricai, to rtprest.it a wl<S® vmrlctf of noa^iciitoaiaa 

fiul4a l»ctc,dr ti«a m^t otL«r propostd ^qoati'atis aad ccrtalal^ 
better tktm tay otlier afiilmtie tvo^coastaat 
tai« mm&n tfe« po%f«s'-ltw rriuolo^ical fflodel foraa tm aa^or 
portioa of tills ^esis- ObviousI:^, tiit .:Oii«r*law aodal 
iaeXades ttia specifU. case wbea vx is uoity, K is tqml 

to the llewtoalaa coefficieat of viscosity p- • a«a«r%lly| 
w« may say tbtt is ta ia-Sex to tii# degreij of departure 

froa IStwtoiiiaii beitavlour ia tfte sens® tliafe farther vv is 
.r«»iOVt:4 from uai,ty, above or fe#lowi tihf« more proiaottficed feecmies 
the a^a-Mewtoaimi eliaracteristlc. 

la process iiiiustries the illlotar.t fluids are much 
less cosasoa than pseudoplastic . fl-uSds but vrhea the power-law 
is appllcublti &he mattMoatlcal treataeat of both types smy 
be more or less the same. 

Cil) Special type of Moa'-ievtoalaa Fli;ddi 

It is will kaowa that ao real fluid cm be said to 
satisfy mm psrticular rheolo,^lcal equation oofapletely for ell 
the shear rates, there are some liquids vtdeh are aearly 
Slewtcetiiui mder cat particular set of eoaditimis ;»sy behave 
as poiier*l»w under mother set of coaditioas* bills Hold 
sad iyriiii*Foiiell fluidi are tome examples of such fl'Uids* 
la chaptiur ¥I of this ttwels «» b^ve eoasidered aaother example 
of such fluid iShieh obeys the ^astitutive equitioa i 
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= r- «ij + ti I C 

wli*jr# e-Cj afe thi sferila-r-jU# ooaaonejatSt tvj' ar© tti« 
straps eMipottiuti} lud mr# tlit mnmtmtB d«pendi- 

iag &n zh« Jflow balaavlaur of cbe fluid* Unii nodal at oafr 
«atr«a« r«pr«»eiits a iiawtouiar* fluid wli«i n. •(luals wnlty 
tod th« eoaffieifiit of viscosity ii C/^+fe) • ntnil® at tl» 
otOair axuraa® it rapreatnta a p<M#«r-l-i%r fluid fop /^=o , 

Fupttiap for tht ifalues of less than uwlty tod saall rates 
of shear* w® so® tliat the lecomd t«*r® in (1*3»^} dominates 
over zhm first whereas for large shear rates the first term 
doainates over the second, dlnilarly for the values of 
4r«at«’!r than tisiSty tod s^sall rates of shear the first tem 
dominatts whereis for large shear rates th# second tem 
dominates* fbu* the model (1*3*3) oto rtpresant t wider range 
of behaviour than the power»law model itself. 

Cili) Oldroyd'i Hodtl of Visco-eiastlo fluid 

Oldroyd* strawbrSdge and lOsis C^Sl) have atowii 
that the behaviour of dilute (Ca 3 percwnt) solution of hi#'ay 
p^mserlstd methyl-methacrylate in an organic liquid in a 
i^pl® shearini notion can be approxhemtely* at stiff tcleriHy 

paall rates of shear* represtoted tqr the atress^s train law 
proposed W Jsffen^s iWW} 

Uy -V 'A V-cj ^ 2 P- ( -e-cj -v ^ £.^-- ) 


Cl.3.3) 
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»h«f« -t-ij is tine 4«vi%6orie str^ss-Seasori X m4 To 
mr« th« selAxatim and rst%rdaiil..,n tlae pariP' ■ r r«spfc^. . ^vuiy 
of th« liquid aiikd K la tn® coafflcimt of viscoiity at la 
tim casa of Kewtoaiaa flowf -e.\j is the rate of defor* 
aatiaii uumr the dot over It detiotes the change and 
is the rate of stress and is equal to the expresticei. 


It tij + jV; ’^iA -^Kj -^XiK + Cl.3.4) 

where 

- -X. ( '^i >V ^ 

For Incoapressifc- e llquil® "v^k 5 k =0 • In this general.1- 

sationf w« cannot a^oid non-linear equations of state if m 
renove all restrictions on th© rate of strain* In (1*3*3) we 
havei thtreforei considered onl^ a particular case of this 
fluid where only the relaxation ti‘^e paraaeter A I® taken 
into account* 

Oldroyd ( 1950 ) has ciaisidered the prabl#« of generall* 
sing (1*3*3) subject to tla con siderit tons s 
(1)^ ' fhe equations should be valid for all shear rates 

(ii); the general is>4 equation should be In a fore which 

does iu7t ttbmgm ubrni coordinate systeu is ehsngedi to 
tihit we do not need to select any particular coordinate 
systee in special relationship with Um flow pattern* 
the translation as imll as the rotation of ^e Boving 


(iii) 
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with t;h« action bei ti4tii into .aeeoiM'tt* 

a« *i!43 &iai» four**l that ti.n ejuatiou of stot# for 
atiotiisr isotroi^l.0 Jncaapressitoi® Oldroyd liquid in Capt«ii«B 
natations can \m vrittm as 




y. 






Cl«3«6) 


w'imm Aa ^ , O4, andl "O^. tr® *ti*e eonst-auta* mi 


^0 is :h® static or s»pa shear rate vlscasity, flw 
•aat«rial deriyatlvr s tr® ]siv»’ii hy th® expre-stSons 




■'Dir 3<: 




Devo 

Dt 


-+ •^- ^<i ^vv 


whsr® 


(jO 


U = 


1 ( 

^ V ^xj 39<.’' 


ist th# -forticltf tensor, 


ia the ltpofiCCli.*r teuaor md * 

fhis for* of thi' eqiiatiari of state ia,ilics #miai pp«ii‘jur#g 
Moraal to the How direction In sl«,.l® shear. For ietonslaliif 
i fi y Hoiti this has to h® solv^ In tonjuctlon with the usual. 
%rm%iimi%y m4 eqtdlihrlu* equations. 
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Civ) iivlia*Sri<}ks«i fluid 

Mvliu (194Sft, 1949l>), Bivliii and Srielcsun C1II&5) 
li&v« sboim tlmt if m nssuaa tiuit i& « iris^*«lastie fluid 
1^1 <sh la iaotropio in ita stata of restt tha a trass ao%o*» 
wm&tn ara axprassibla as pol^iioaials in tha gradlants of 

u 

valoeityt aacoiid aooalaratioa accalaration at 

tlia point oonaidarady tha s trass aatrlx "T = Uiill 
ha aapiNissad as a aatrlx pol^raoaial in n kinaaatia 

aatrloes Ai, An., Avx whosa coafflcimts .ara aa^rassihia as 

polyujONSials in traoas of products foraad out of thasa 
uatricas# fha Kinasatlc matrices ara defintd hy equations; 

kn. = II ( 1 . 3 . 6 ) 

share 

O ('^'1 ( A ,^ ( A ) 

3^ ^ jj •+ Aivvj 

Cl.3.7) 



(S , j i , 2- , - - --h^ 

hater oa Hvlin (1936) aonsidarad car tain sii^la 
types of steady state liiiimar floirs vis raetiliaear lasiaar 
flovt torsioiial. flav hatvaan tuo^arallal plana discsf helical 
flov in the •anid.ar ragiGn tNitiiasn tuo coaxial cylisdafSt fhr 


CUi) 
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t&t fluids for y^bm h^yi. mA 

-i-o()Ki ^ i\^ ^ o(i_^ 

-Vo<'s (^ A\ Kx.-4 ■+ A?" A*l. A j. A \ ^ 

-¥■ o<5 (^ A| A-i. + k’xkx ^ -v“<8(^A\^A^-v Kv A^ j (l,3,i) 

viisrs 1 is the unit astrix sad ®<i , ‘Vs. — <=<^ mtm p&Xf* 
Mffiisls in tbs ten scalar iavarieats foi. ^ );>v. 

*L- 3^ 

, bv Ki. , fc>- A.1- , bv , tfv (!,?■ «>* 

b^.^^Av. 

It is obviousi l8iaer*>Bivli]!i fluid cbsract* 

srised by tbs ocmstitutivs squstloa 

tij = -M +Hevj +fie,vev] (1.3.9) 

vilsrs i^d ti sr« pol^uoaials ia iarsrieats IX nd XII 

d'sHasd % 

n = ^ €^v 

Ll^ “ "2 ^ ^ ^ Cl*3*10*iJ 

is oBlf s psrticiilsr ssss ©f Cl«3.8> i^ws ^ 

- =; - “^7 - =0 . 

%»ipw sad iNisId 8 cni^ bmm obMasd tlMi ©emi^tloas isidsr 

yMAk m scctiliaissr flotr ©f ^ fluid ©sii bs asimtsimsd if s 
iMilisw prsssurs ^fTSdisiit* 





As ®^rly as %fm ««plriotl rslttlot. 

.r«pr«smtiri4 th« flaeological equation of a powsr-lan fliaid 
iKms used fey Scott, Klaii* (1938) hut frotii an •nginssifliig iiolut 
of ¥l«ir tfce rtCfcut stu-lies by ssife (1949), Baiiklii (ItW) m& 
Ueltsim Cl94M») «tc. Slay m of grsater lrit«r®st« Altbooigh 
Hsios? (1946) baa objecl^d to this UM of mpirioml 
wlatlMii rwt doriyt'd fro© aiiy physical co!*cfpt^, •wo thmm 
in recent tiats tblg relation (l«3,i) has «niblcd os t© 
explain Yarious flov profeXo's^s (3@c .|jiicsi4t (1960), hapur (19690) 
K^apor SrivastaYa, (1963), aeiner (1900) mud Prottdb'tan 

(1966) «to») incliniing tli« bcamdary layer flows, tnongh in 
fact tixact analysis of Uio flow sltnati,4i for non*ievtoalaa 
fluids la possible in only very special sitiMtlotiSi. One of 
these refers to boundary layer flows of power*lair fluids* 
fine boundiry layer ti’ifory for Hewtoniaii fluids is well deYelo* 
p«d» In fact it tries to find out the asymptotic solmtiocis 
of iavitr-'dtolccs equations for large ieytiolds niwber* ^ben a 
liquid is flowing over a plate, Uie influence of the viscosity 
of the liquid is felt in a thin layer ( ttiS sooe-illed tiie 
kiundary layer) ne-ir the solid surface* Outside this layer, 
velocity iridiwts are snail, and the theory of tibe potmtial^ 
flow is assuMd to be valid* A imtber of asstaptioas a.re 
^ade to simplify these equations to find their soluti.ans* 

boundary layer theories for poweflaw fluids have been 
developed by a mdsiber of worliers (Aerlvos, l*etersQh dhah ' 
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il963fe) mid S--«ida (196?!)). Boim Cl9^) has 
used thm toiiadif«ry layer «Huatioit 9 to •xteiid 3iiill«r*i (19’? ') 
fflathod for dlscutsiog fcfte iolet Im^th for a oirimlar pip® 
for a liawfc^aiaii fluid, timjar ( 1963© 3 h»is also i»te,: rated 
the tiowidary layer equatio^^s for the Hon in a ttro^dineneiorial 
4«t of to liiconpressihle pseudoplastle poiiex^^laif fluid, tie 
has drawti the velocity profile for the particular ease idien 
tim flow beteivlour index w is equal to l/3. Ttm feoundary 

y 

layer thickness iws been .showi to vary as nhere i< 

is the consistency index of tht fluid. Eapur md aiJ|>ta (1963a) 
have integrated the boundarylayer equatloiis to det®i»i«e 
the entrance lerigth ajid tiie boundary layer tf.ickness «» a 
function of the flow behaviour index ■ w in two-dia^isional 
flow of a pO‘^r*law fluid in a straight chatiiiel. they (I9^b) 
and the author have also foixid that tlie velocity profiles in 
Uie inlet length of a straight chaiuiel and circular pipe 
respectively car* also be approximated by f urtii degree velocity 
profiles* fhe laminar flow of ^oiair law fluids have also been 
discussed very widely in literature (Blxael arid alattery 
Eapur ( 1963c > I tihukla (1965), ^ivastmva (1965) and 
mid bird (1969))« 

^the boundary layer equations for the two*>di»en8iGinal 
flow of powsr»iaw fluid are given by 

U cU._ ^ ^ ^ Um ^ ^ 4 ; ^ "'t ail 

^ 31 cJIjc 131 * 





wmTm u md ^ are ztm eowidoaea t« of fclocity along and 
l)«rpeailsaiiaf to in# imllt Is the frt# streiws velocity 

and i) ■=. (jo.y ’ ^/p ^ t *' and p are tlie visooaity coefficient 

md xiim density- respectively* these equations cannot in 
general hm integr'ited eaictly owing to tlie «sajl«»lty of tfe® 

K 

tera C‘^V3g.) «id of Uc-*-) feeing an arbitrary funettoi# 
IntegratiwU of tills equation by Karmen-Poblhauserii nethod is 
not satisfactory for the entire rangt of w as -has been 
iiKjwn by disstl •^at'^ery (Iflllt)* Abbot w^d ICllne Cl9b0)| 
nanolmr (li&3) and Morgen Cl9b1!]f have given the »»tliods of 
reduction by one variable in the partial differentia equations 
envolvlng nore than, me inde.f^deiit vari ablet* on the teals 
of sueii iietiKidsi ^cbotelter Isbisawa tl9®3>i logoff 

(1964) I ohkibe (1963) mtd cany nor# .have thtt the above 

two equations adait of ’'dlBilar solutions*** iuch solutions 
for tlie boundary layer equations of iewtonlan fluids are well 
known dchlichtlng (X9t»0)« ichowalter was the first to give 
**siailar solutloi.s** for bomdary layer eHUatlons of the 
pseudoplastic power-law fluid* Later on foetta (196i) 
published a aiail art re ateent* Bu:>u^ sa the imti call y 
Scbowalter*! (1969) treatcent was valid for both the values of 
less than imlty and also for greater than unityi yet iae 
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i»iifiiie4 hlas®lf to ps«udopl-5Stlc (y\ <i) fls® 

r«a»>5a mi Iwo~fol4. SaL^mrimmtml s&tt41«i imw stoini to .t 
pomfliW rtiatlyn «i«se?ib«p'S the beteviouir of a atwtor ©f 
r«al pseudopl^stic fluids reaiaaablir will ill #e3rtoin flow 
situatioaiy tl.e aiiSiilar statoiRent b« aad« for 4ila%aii% 

fluids i^Yxyl) , In parts cuiar serious diffieulties 
arise mteti approaoiMfg t as has been poiated ©ut hf 4eri¥©S| 
Feterson %M 4 'imh C]0bO)« 4t a later date Kapur and tyagi 
Mve obtained the similar of the touodarf 

layer ei|uati«*» for tuo-ditaefiiicaial flows of a .ielaer* 

Blvlin fluid, They have shavn that these solutions exi^t if 
the free gtreaii velocity is perpendicular to one^tnird power 
of tlie are measured alcaig the will tvm the staihatlcui point, 
i-’<hda (19112) Ms sub-m tMt In toe ease of aelner^llivllh fluid 
with eonst^mt coeffieic'nts of viseoglty and cross*viscosity» 
the only possil^e similarity solutioi^is for toree-diaimsional 
boindiry layer i^uations in oartesian eoordlnatrs are t 

\J =. ax -y-bz jVJ =.v\(^q5--\-b5) 

(l*4,i) 

U = ^ W = 

4hrivoS| Fetorton atid ihah (ii#d) hav# developed m aspaptotie 
method for tdlvini the liwiinar Mundary layer etiuationa for 
power**la« fluid mder eouditicsia wMre the flow external to 
the houndary layer Ms a g^eral for«| hy the me toad of 


Case (1) 


case (11) 


• soluniaat** • ftpowa WiA StemwtBmn (l9i§) have also 

obtaiiKRfi » **imilar aolutlofts** ia iMcit Wi* vorticity d«eays 
algebraioaliy to%»i'ds outer limits of tiie vlscou# lay«jr 
arid that th« sJU^ilarity solutions with algobraio mm bo 

tbo liait solutions of tbe full boundary laytr squatious vitb 
cKpoufutial Is cay « 

Zu ouapter 11 us bavs developod siallar solvd>ic»it 
of tbs bowtidajry laytr aquations for ^.owsir-law fluids ifbsn tbs 
vsiocity distribution of tbs potsnfeial flow is pr©;,iortioi*ml 
to a i^owsr of tbs Isngtb of tbe arc seasursdi alon.^ tbs will 
froffl tilt stai^ation point. A auabsr of laj^ortiiiit partieular 
oas«8 Including 

Ci> tkm boundary laysr flows alois a wsdg® 

(ii) - tlis bowidary laysr Hows along a flat plats 

(iii) ^s boundary laysr flows in a eonvargant ebaiinsl 
and Civ) two-*diatnsiOiial ftagnmtion point flows 

l:uiws bs4Ki givmrn 'Gbs trsatac*tit of this cimptar was dsvslopad 
Indspandwtitly of ths trsatiaMit of i^cbowltsr Cl9€4) and f<^ta 
C19§1)« In fasti a latsr ooaparison betwtan thsss rssuits 
and thois of ^bowultsr rtvsalad a naths'iatical disorspauoy 
ill tiif traatasnt (aa reported by gkellawcl (l9d.7)}, jMs 
dsssrspenty in tbs corrsot tom for mtiou4l%er*a rsaults has 
also bwin giwsn in tbs last ssotian of tbis ohaptsr* 

In shiptsr 111 idhls discrusslng the i^iooity profilss 
for tbs powsr^law fluid in U»s inXst Isaiitb of a eirsular ptpSf 
w» tews f^snd tha^l it oan also bs approatoatsd by a oubis survs 
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aad « fowth eurve. In tltiier «as« a fre# *a* 

r^iaini to ica 'i4ttaj»lntd aftar satisfying ti» tJonnSairy aondlltionif 
anil this oonstaut *a* w« loava di«tef<ain@ci ty tha prlnaipla of 
intagratad Idln&aatio mmtgy and c»iso ty tha prloaJLpIa . 
of Isast -sqiiaras setlicd. ffcasa ¥alu®s of *a* art fairly 
eosparabla to tJ&t approxination by iogua Cl9lii9)« 

In onaptar VI W9 &a¥a eonsldarad tna rbaologloal 
aquation of stmta in •iiloh tOa strass is rtgardad as ttw linaar 
aosiMimti&n of two ttr!'»s| ona intiioating itawtcaiian balwivlour 
and me other indicating tna powar-law fethaviour* ftaia 
reprascmts Hewtonian fluid at one axtraaa and the powar*Iaw 
at the other extraaay and it oan also represent tiwi mtira 
spaetrtsa of brhairic-nr bstwac-n these two axtrenes. One 
partioular ease of tills me he-mi waed by Mg m4 »lb«l (196a) 
and Eapnr and Cl%ta (2966) to di scuts the Inlurlcatim n.ow 
for tna slider bearing, we have given the exact linalytieal 
solution for tlit flow of such a fluid between two plates end 
in the straight oironlar pipe* We i»w also disenssed the 
series solntiiMts for the fluids for idiieh the Mewtosdan or 
the power*law terms can be regarded as a perturbaticn over 
the other a<jre doainant tern. 

1.6 ¥l.ia)-liM-iIS aUI0 Fh©to’3 

fisooelaetiO' non^Mewtoiiiaii flows have been di sons sed 
by Melnsr (iMbf livlin (l9^a| |Mlb)| Oldroyd (I060| 

(39ii)| 39l>i) siid otbers* @er tain axlally*sya^ trie proliiMis 


■1 



vis* fXow thrQU0 A eirenlir tube bav# been eonsiSevtd hf 
ii.vlia md are®a (3dbi}t Bbatnsg-ar awi4 iso Cl9b'?)t Obsroi and 
Eipur Ciseo) md 3e^*«®Iit«ir Flow la an annmlms bttwisn 

twocircslav t^llnders lias t»®a caasi^ivrtd fey s«rrla 
iJat&a Cl9®l)» FtedrlcJisyin (lt6i>, Hafastehan Cl96l)| sathaa 
aad. atj€sh«arl <1962> ajid Pipkin (1966). Langlois and Hvlin 
(1963) feava ®onsid«r®d slow ami steady stmt# flow of a 
■yiseo-Nilastie fluid ®iiaract«risad fey Blvlln-sricka^m #qiiatl<m 
of state (1.3.8) through nan«€ireiilar tubes, sharsia Cl9^fe) 
has applied karBian"*pahltiausen aetiwtd la solving tlvi ordinary 
differential 9qm.%lm ofetalnod in the study of rotation of 
a plan# laaiaa in Ui® visco»«lastlG fluid oiifiracteris«d by 
(1*3, 4). iaiiglols (1963) imu extesided ih® JNewtaalaii flow with 
n®.|llgitol® ia®rtla oonai£i«3f®d by Proudaan (l9o6} and aib«raaa 
(1969) b®tw®«ii two spheres to th® <ms« of ®lviin-irieks«ii 
fluid and haws shown that inelusion of the viaoo*®iastie 
tens in th® •^uaticsis of sotioii influenof s th® flow feettpten 
spheres In two distinct t^yi t soat of-«li©se terms modify th® 
distrifeuti>>ii of the rotmtary flow about the asisi wlitiNias tne 
other of thin eontrifeut® ^ th® s9eoislary flow in th® oiridliml 
plan*®, kapur and i}o®l (1961a) have ob^ined th® oondltlons 
under wM oh the r®otiliii«ar flow of a visco«wilastiii iiivlin* 
fluid can b® ^iotained und«r a uniform prassur® 
«radi«nt nader th® saea Modltlcmi as obtained by Hwlin and 
9r®®a (1966) for th® Mia®r*tivlin Ould. lajcshwarl and 
iathna (I96t) have followed tfa* nathod of ^ivaitava||it.d*CI966) 
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in applying &a 7 £aii*FotiIkaus«i matbod to obtain an aoproaimata 
aolntioR of tli« flow of a visoo-alastio Cl.3*4) mmt a 

stagnation point. Datta (1964) has oonsidiarad tht flow of a 
paftioular vlseo<-alastie fluid batwaan two parallal porous 
plates with suction and inieotion. Shams <liS9a) has also 
oonsiderad flow of the saas fluid nmt the stagnation point. 
Leslie and latine? (1901) have investigatf^d the slow flow of a 
visco»«la«ti® liquid past a sphere. Mohan hao ClfNMf) has also 
diseussed the flow of the siae liquid betwe^m two rotating 
coaaial ooisis having the ease vertea. Flpbdn Cl9#3) has shown 
that the rtotiline"? How of non^Ilns'^r vl8eo«>elastic fluid 
through straigiit tubca cm only oooure if the tube Is of 
circular cross*section or if the rhedogioal const'sits satisfy 
certain relations, fredrlf^sen (1961) md fanner (1963) have 
discussed the helical flow of visco*elastie fluids in cbaimels. 
Williams and Mrd (196^) have discussed the steady flow of 
&ldroyd*s aodel of vlgoo«*el&stio fluid in tubesi slits and 
narrow annulli* they Cwilli:Ms md Bird (l96^b)) have also 
studied the three emstmt Oldroyd*s «odel for visco-elastic 
fluids, the flow of such fluids has alsu been discussi^ by 
fhostas and 'Walters (I9i3) in a curved pipe usder a pressure 
gradient. »ivastava.t F.ll. (1963) has discussed tlie pr^aga* 
tlofi of snail disturbances In a seei-infinite visco-elastic 
liquid due to the slow' angular notion of a disc In two cases 
vis. (i) when the angular valocity of the disc = co« ^(e) 

(Mrac 0Blt a function) tod (ii> co (t) = ^Oo 


th« solEtimy as tht ralaxatioti eisa paruatar ^ to 

mwof lias t«ea stowi to eorrespoi^ls to tlia NtvUiiiiaii oasa* 

Qbofoi wi^ Eapor gava s<me general oonsldierfttioiit 

regarding wlalJy-»>ffiaaetric aon-Mewtatil an flows and derived 
some new tolutians for ti'iis problem, -fbef bave used the 
r»€tl»d giaeraliy used for discussing tfee ajcialijr syaaetrlis 
viscous and axiailj/ s^fi^etric h^droisa.juetto flows* 

In obipter V we have Oomidered tne steady motion in 
an annulus wA between two parallel plates of the viscoelastie 
fluid chtraoterlsed by the rimfolo^^leal e<|umtii:»i (1*3*4)* the 
fluid is assumed to be injected at one of the boimd'iries at 
the sne rate ms it is withdrawn at tlie otiwry mid one of the 
plates or the cylinders is moving with a oonstmt velocity 
parallel to itself* .solutions have, been obtained for .small 
velocity of suction and injeotian for all relaxation time 
parameter and for small relaxation times for all velocities of 
suction and injection* 

In snap ter IV we have considered the axial ly<*sy» vet fie 
and two-ditaenslonal 8ta.gnaticsi point flows of the viseo* 
elastle fluid cf^araeterised by aldroyd*s model (1*3*4) in which 
only the relaxation time parameter X is taken into account* 
i# have i^en able to give a sixth degree velocity profile to 
satisfy el^ the botaidary which wire not fwdly . 

•atisflei 0mmmm It has been found that both the boundary 
layer thiclmeee and the idcin«*frlction deeremee wltli the increase 
of the viecc**elastic paiwaeter •* the results Just reverse of 





thm e©rr«spoiidiiig rtsulta of 3harsa but iu with th«. 

results of Batbnst md Bajeshuarl for mootber Mdel. 

fr.« reasons for this difference M^e also be«ti exiaiiiieil* 'fim 
two^dlseusimaX stagoation point flov Imve also bam 
©onsiderfd* 

!•§ JU»E Flia4t:<o vH Hid Bl’iilM-iaitXJUM ILyiAi 

In a paper m Cl9i4) use^ Heiner-Mvlla fluid ohara#-- 
terised by the rheoloijleal e^iuatlon (1*3.9) iiith ooeffioieriti 
of viscosity and oross-vlscosity as c<»astants, as a lubrlesi.it 
in an eaterniily pressurised btarlng* there u« found that 
both the flow rate of the lubrie^iat tod the lo'»d capacity 
decrease with the increase in the ecefficiwat of cross- 
viscosity if the pressure in the recess is kept the s«e« Ify 
fraveveri this pressure is so adjusted as to insure the am§ 
flow rate as for a Sewtonian fluid, m found that the load 
capacity actually increases with the Increase In the cross* 
viscosity coefficient, an additi^ial effect of this presence 
of the erois*vitcosity is that the siarface of the ilsjuld file 
ex.^osii^ to the aitsospherlc pressure given by h> ere 

no Icangtr cirenlar cylinders ti^iough these are still the 
surfaces of revolution, ilnce tlutae surfaces are ctsicave 
outwardy these are yet another explanation that the^ fluids 
exhibit the ifeisseiiberg In another paper we C19i^) 

eonsidered a mmh9w of poaslhlc flows for ftelner-tlvlin fluids 
when ,^e eoeffieimt of vl^oslty ^ it and the 



eotffielcat qf eross* viscosity tk Is a fiuasticm of 
iaviyl fits (1*3*10). tnm vm eo«clwi«d that though it is 
satisfying to ao«s sxtiait to h# ablt to sxt«adl ths sxact 
solutions for i«wto«l»i fluids to ths »or« gerairal islnsr* 
aiviia fluids (#€« fihatnagar (19«54)> such an ©attonslon is 
l»0S3ib-« only for a very special class of those fluMs for 
ifMeh and tk are const^mts. For tMpx-diaensional flouSt 
houeverf ft cari be allotfed to vary* For Foisseulle and 
Couetto flows» howtvery :t is possible to obtain solutions 
for the general ileii»sr*Klvl in fluids (set heiner (1900))* 

It iSf hovevKri easy to set that In all the following cases s 
(t) convergent and dlvtrg«it flows between tito non- 
parallel wallS} 

(ii) two-dimensional st^gnatioti point flowsf 

(iii) aaially-symi^ttrle stapiatim potot flows 
and (iv) flow about a rotating disc 

extensions are not possible even if walls are porous* 

m have not included the abuvt two invtstigationa 
la this thesis* as recently the very existence of such fluids 
has been denoted* since the dissipation function of such 
fluids can possibly be negative (see Eapur (1909))* wM^ can 
newr happen in physical world* 

In another investigation we discussed the use of a 
slij^tly ncMHIeiftonian liquid (ftivlin and iriclcsan (idhS) 
and lani^iiis (IWI)) as lubricant in a slidar iNNsring with- 
out ai^. sida leidiaga* Bia lewer suiaier surface aoves with a 
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eoastmt v<il«clfcy garalltl to Itstif irtiil# thm statlosa?? 

El»o« (finite la length) ihove it is inclined at a angle 

o( supports the loid. direction of the aotioa of the 

runner is towards the narrower face of the toearlns* Me found 
that the equipressure siarfacea are no longer cylindrical in 
shape hut still they are surfaces of rewoluticm eoncase 
toi^rds the direction of floW| and ttils again illustrates 
Ui9 t)jeiss«sih«rg phenomena exiilhlted hy such fluids* In the 
express! oii for the load capacity of tc* bearing %#e saw that 
the coat ri'ixit Ion due to the riastic co«fflcl€nt is alimys 
po*?itlve so tliSt it increases the load capacity of the 
bearlngi idiereas for negative co«.ff icicrit of cross-vlscosity 
the contribution is still po:;ltlwe* the frictional resistenoe 
on the stationary shoe also decreases with increise in the 
elastic coefficient^ and that tim difference of frictional 
resistnaces on the two surfaces arise only due to ttsi Mettlonian 
viscous coefficient of the fluid* 

1*7 1,1 auttfio 

It c'iii taidoubtedly be said that ti>e channel How and 
'heat transfer probleai are frequently encountered and play a 
very in^jortaott role In science and technology* Mainly 
theoretical work has been done on three duct shape cases vis* 
(i| straight ehsit'inels 
(ii) eiupved ehannelc 

: ©r dlverient cfearmeli. ” 



Coffl|»ar'4tit«iy» * vtry lafg® of tli®or«tie«l •feiidits !»¥« 

a^po-irtd cm straigiit chaiya^la# fhe i^asoa 1« fifaat tti«y *?• 
it;aplest %o ditcusa oatita&aticaily* fh® oiirved eiiiamtl 
«as« is ¥®ry ©oaplicated fro® tim point of view of th«or®» 
ticai baiidilng* Cojasequmtlf | a v«py 8»*11 aujQfetr of pap«*'»i 
doaliog vltfe curved ch'umcls %r« availabl®# 

In th® a«v«itb mid U»® subsaqutiit ci»pt«rs of IMt 
thesis* m ar® interest#**! oi^y in the curved ehaatifls* ii«r« 
m curved chsmiel is a duet iit»os« axis is i»t a straigi^ ilne 
(as in the cma® of a straight channel) hut a curved lin®* 
vix»se shnpe and cross-see tional area remain unciwiged in th® 
axial direction. 

curved ch>U4jaf:ls are encountered in f«v©rMl hranches 
of science* dpeciaHy* curved chanri®! flov md hfiat-tr«asf®f 
problems are of great interast to Mologiats* and engineers* 
for instance* i«i«ral types of curved duets occur® vith in 
th® h»».an hody CS.ncluding the duets through idiich hlood flows) 
and in heat exchangers (in the heat excimnge systems of 
various induftrial equipment §* curved channels act as heating 
or cooling coils)* gemst ruction of curves! passages for the 
coolant in the heat exchange systet&s of various poiner 
producing mechsnical units is now-a-days an inport-mt prohlws* 
thus* mirved chartnels case ig of great technical inportme®* 

It is of particular interest from the theoretical point of 

eCtnc Strang ^evidence of the interest of tl^e aediciil scl<%ntlsts 
in^ fgdtas though a ewrved pipe tms ohtained wrisia uc received 
a large neater of requests* from medioal institutes all over 
the v©rid» fp-ru> ©ur paper on the stthject pufelished in 
Applied icientific M.cearch* 



vi«v aliHQti tiis of eimm^X flow m€ immt 

traitsfer pfaiuoiM piNtsonts mm%'y diffioiult pwohlmim 

tlm Ui%QTn%iml study of subjset of cwnr^ otaiMuosl 
flow w&t stttrtsd by Dem Ci9^)* fMs plonosif {japtr doils 
with s i«iinar, steady* ccmstoat property aaad fully developed 
forced flow iaside a curved pipe of aiaply ©omfCted circular 
orosa*s*oticMa wiiose aaiia fows a circular arc* the ne^asary 
aasiMiptlosi sade in this paper is that the curvature of the 
channel is so snail that squares and higher .powers of the 
ratio of the radius of the cross-section to that of the 
radius of marvatur# of the arc fo rated by the axis can be 
neglected* 7he theory thus gives us an approaiaatiun of 
the first order* It is in goad qualitative agreeMnt with 
experJjBiait of iustice (1911)* ttowever, the first eaperineatal 
study of the subject wab nade by drlndley and aibson (itOBj* 
fhe theory of oean docs not adnit the dependence of 

the flow rate and of the resistance coefficient on pipe 
curvature* fhe next pmper of 9ean (19^) these 

depetidences* the theory of this p-iper is based on a eloier 
approxl^atlon^tdiat of 4 vl.s earlier paper of 19f?* ftods 
eat«ns.ion| so far as it has been carried* represeots a fourth 
approaieation to the prchlen* mm 19fS) p^nt out 

^at the r^reseiitative iit»iber of the probleaC called hean 
auaber) is • Obviously mm * a studies are valid 

only for, s*all values of this um^ber# Oe^ {WW} siiowed 
that the flow rate and the resistence eoefficiint are 



fiiri«tlotiS iMiui alooe* this msb vwll confimM W 

txperi'seiital of ’^Ite <1S29)* Aa * matter of faet» ttwe 

aim of the aatperiarrital study of '4hits ms to test the iisaa's 
studies* iW^) irais in complete agreejfteiit with htm 

and also gave v-ilues of I3eari au-sibc-r for wMoh 
De.-m’s %forlc is valid. For a large Deal itimheri we have the 
first stiaiy of Adler (1^4>* fhis coatalos toth thtorttical 
and experiiaeatai love stl gat loos. J&*e theory is based m 
the suppositioiit of tW. exift^ce of a thin houiadari' layer 
along ■'.ke wall* Adler*® resistmce coeffici«it fowiulm 
asy*ptotlc.ally approaches the observed results in very large 
Dean niaber range, wfes of Mkdte «<! Adler s--ow that the 
variation of resistence coefficle.t with pipe curvature la 
negligible tip to certain small values of Q^mi number* 
hxperliimts of Mavea Cl930) and iqulre (ItM) thow that in 
large Dean nii(nb<.r casei various forces are important only In 

m 

m thin bomdary layer neur the wall (see Barua (19d3))* studies 
of Haves and fiquire ;^tivated &trua (IfdS), who aseumwl that 
the fluid motion in the vicinity of the wail ©ecur within 
a thin boundary layer adhering to the wall and the fluid 
taotlon outside thi.s layer is i^nfined to the plane parallel 
to the plane of sraaetry of she channel- fhe resistmae 
coefficient tints obtained agrees with the obfervatlons of 
Idiite and Adler* In the analytical worlts of eller and iaruai 
some of the bo»ada.ry oondltlcna are not satisfied at the edge 
of the bovmbdaryt the velocity profile of the inside bcmndary 
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raglaa is not Joined saootlily to tiwt of the outaid# 
boiandmri’ iayey i-egion ami the eiraiiuaferentiel vel.eettjf does 
not vanish -it 4’ = — "^/i- (or K Adler and Barna do 

not give complete or approximate taosseitan balance analysis 
for vtlocity profile and intro luce disoontinnity of tannin- 
tial velocity at the ©d ie of the boundary layer atidi there- 
fore, they .^et a finite taa,!'^ntial vvloclty in the boiaadary 
layer at 4 ^ - ’^/i » fhese defects in the analysis of 

Adler and ifeirua have be«!i rcsovM in a recent work of Mori 
and iakaya.fta Cl^dS), Also, this deals with a heat 

trails fer problem arid provides experiraental observatioirv • for ■ 
botii flow and heat transfer probl«is. It sJaonld be noted 
ttot studies of Bean, are based on perturbation tecimique 
(i##« technique of successive approximations) w^mrets thpse 
of .Adler (1934), JBarua (1963) and Mori and Sakayiwa (.1960) 
make use of the technique of writing eofstatint and the energy 
integral bonisl ary layer equations aiid t^e Earsim-Fohlh»uswa 
technique* flit theoretical studies referred to in the fore- 
going,. deal vith laminar flow case only* Most of the studief 
dealing with turbulent flow case are experiaental vis* 
deechke (I9t6), Mippert (1999), Bichter (19Sk)), Betra (1963), 
Idiite (I93t)| cunnings (1966) etc* theoretical analytis of 
Xto (1969) and Meri mad Hakayi^a (3967a) are bated m the 

bomdary li^er eoi^ept, and the Ettrean-polil^usefi technique* 
the two atudiea^ione experin^tal reaulta also* 

tetitiiiquei aoae extensions of Bttn 
t29:l^) are ail«t» availahle, e«g. we have Jones (itiO) for ^ 




with ccaistant eo«ffiai«iits ot viscosity 
md ©rags-wiscosityi tad Powtrs flla#** 

plastic flaidSi fibaais md Malters (lBi3) fot mu elastico* 
viscous liquid t Ihoiias and ’^alters Cl9®4) for an •lastieo'* 
viscous liquid aad filliptic crosvsscttori, Pathiiis Cltl^) 
for M«iii«r**ftlvliQ fluid of coastaat co«ffici«uts of visco- 
si ti«s md curved aimuius wid c^udlatry (1964) for th« 
iiotioa of a viscous liquid ia a curved pip# of the cross- 
sect Icai of tii# for® V- 4^(5) • Our oim studics» which are 
also based oa Dean’s technique are #%*«! in chapter fll* 

la the seventh chapter we have carried out theoreticAi 
calculations for the steady, laalnar, iacoapresslble flew 
of an ordinary viicoua hewtoaian fluid in a curved annulut* 
Corresponding to the stream function ' , pressure gradient 

^ and the velocity to for the cast of a straight annul us, 
wt have found (foXlowiiig Dean (19^)), ^ > P arul resp- 
ectively for the curved annul us on the supposition of second- 
ary flows developed la tivi flow regi-^n due to the curvature 
which has been assue<-d to be small* At first the flow 
parameter are evaluated for the general case and thin a 
particular (mmpl* is solved ntifierically* ' we have carried 
out our calculations on ?044 Coaputer to fM out the 
velc«dtf field inaide the mmUmt space, sad the corresponding 
guperpositian on the wiiocity field due to the curvature of 
the pipe* m find that on the concave side of the horisoniMl 
diaaeter the supiu^sed wlocity sE-owi dom the' fl'Uid particles 



idtilXt oa tt,e ©onvca; si<3® of th# pip« St 4 i¥t* a littS# 

to them* fi.# rcprasmtaticaa of x,h» 

flow llr*« Si* tk*« plan* of lyataatry «iS tin* 
tl)« strojKsllaca oa a aor^aal orosa* 3 «otSoii «r* also gi¥«a« 
Itowewr, m feav® eoiifiaed to the case of large radiw* of 
ourviture of the pipe. 

i.s CoaVi-aiiifii 114 oii«vti,a ciiiu««i'is 

fhe carved chamiel i'mmt transfer proMea is. of great 
teeluiical iaportanccf since the coils of tubes are largely 
used I for #xaa.pl«t io conaectioii with heating and rtfrlge* 
ratlua io order to tridsfer heat fjx>o m& fluid to another* 
Under such coiiditi&fis» the local tsiat transfer rate distrih* 
utiou mx the curv«^>d ctimiml hound iry id 11 in general be c|uite 
different twm that on tie correspondifig straight cMnnel 
hoiaidary. thus the heat transfer problems associated with 
curv»>d chenntls 'Srt of ieport^etice for heat eact'ianger teohr 
nologi'* Curved channel heat transfer prob.^s are also foitid 
in he-it engines and such various very industrial etutpeent 
as spiral tube heat exchangers* jt^e removal of heat iseaiis 
of a molmt flowiiig through curved passages in gas turbines 
and ehMiical and nuclear reactors may said to be mi 
iffiportant prohlee in the field of heat transfer studies* 

.feu etudlee on the problem are avail able in the 
literature* @f Iheaen mostly they are eaperiaental ias a . 
.•atter of fact the very first study is an eaperlaental or«> 
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l.«* Siiit# <193t)| Hair«» C1933), 

Id« ClSfl), 3ehm and Md LmnghXia C2^^)t Rogers m4 Mftybev 
(1964) «t©. fii« first tbeortiticnl studbr in the Held of 
onrv-'d Ghma&l heat tr>«s fer is that of Mori and iftkiyoie 
(1960). if ter this, thtj^ are two aore theoretloal studies 

in aiir Iciiowledge, namely Mori and m\XMymm (19l^7s) and Mori 
and Rakafma (2967t)* irai .first two of these ■todies of 
Mori and isicayaaa are experiiieiital also. laeii of these 
three papers deals with iOeaa*s cnrited pipe gewwtrsf. MoH 
and ialeafiaa (19^) gist theoretieal and experieental 
investigations of heat transfsr aasooiitsd with a laainarf 
steady, eonstant property fluid and fiilif developed (l»oth 
hydfodyn^si sally and thermally) foreed eonveetion mdsr the 
unifors trail at flux eonditlon. the purpose of Mori and 
iakayaaa (lii7a) is to extend their IIN^ paper to inolude 
the ease of turlmlint foreed eonveetioii. the purpose of 
Mori and Salhayasa (19676) is to give theoretloal solution 
of the pw&hlmu for t^drodynmeloally fully developed Imt 
thenselly developinc foreed eaiiveeticsi under the eonditions 
of i^hstant wall teiiperature. in eaeh of these sttaSies Mori 
and iiOtaysiiaf Besii nnaher has been as tuned to very larie 
and houndary layer ooneept has hem used ho^ fot velooity 
and tswiperatnre fields* 

In thsse thsorstloal stndlesf heat generation as a 
rstul'l of disstpaMon of nse^hsnioal snergy dm to viseosity 
pfO|HSrty hAs not hssii oiMasidsrsd for ourved pips tMiso*: 



An ' analysis ©f iieat genaratlon dua to dissipatian for eurvtd 
pipe Is in ti&« eiguth ©napttr of this tl.«sls« In tht 

last clmptsr of this thssis ve shall h« diacussinf that last 
of our studiss i*e* th« analysis of iionvoetlve hast transfir 
du« to tli® viscous dissiaation in curved annulus str«Mlin«s 
in th« field of curved channel flow and heat trinsfer vhieh 
were proposed to be given in ttie second part of this tlissls* 

In the eighth chapter we have considered the Movcctive 
heat transfer flow of m incoffipressitle Mevtonian litiuid 
under a constant pressure -gradient through a circular pipe 
whose aris forme a circle of large radius 1 , much larger 
than the radius of the cross-section of the pipe. Ihe 
timperature of the wall is kept constiuit both with' respect 
to time as well as with respect to directi<m} 4nd both the 
velocity and the tMperature profiles are fuliy developed, 
we have adopted the method of imposing a perturatlon teap- 
erature over the kiwam resulfs for corresponding heat-transfer 
problem for a strai#t circular pipe, m have been able to 
find the temperature profile at all points of the cross-section 
of the pipe. Sven the temperature inside the pipe attaint 
a higher value than that at the wall, ai^ this point 
:-^o«s on ahiftifii towards the mil as we go cn increasing 
the value of ^ the ^fitold*s nuaiHir end that at m point 
on the concave aMe of the horiaontal diameter, the tesperature 
is above the wall- tiMiperature* iimil.ar is the effect of the 
prandtl nmta ?-r , but not of equel percentage : than the 


R • this aas hma sbann to diie to 
th® ounratmre of ttoe pip# &# will* 'M feav* alto caloiilattdl 
fch* tltia frietioii qu tootb th« b»ov<':x tidt aad tlit oomeavt 
«id« of tb« pipe arid found tkm% th# bigbtr t»p#rttur« 
diff#jpeiiee ivi. tb# liquid m botb &idm of tb# vtrtioal 
dliaetor Is Aor« du# to tb# value of the Fraudtl auaber 
tban due to the rise lu ttiw skin friotloiit beoaus# tbt skis 
ffiotion is hi^.beir on tkm couvejt sid# of the pipe tbar* ob 
the Gonoave side* 

second study of* the Gonvectlv® heat-transfer in 
curved Ghaiuiels contained in tl^e secoiuS part of this thesis 
is that of the convective hemt-tr^tsfer in a curv-.d imuulus* 

It m& Just fur the sake of siaiplicity we ham included (in 
chapter ¥IIX) ti'iie ' heat-transfer in a curved pipe in between 
toe t-«s) types of studies on Gurv<-d annulus the later one is 
discussed in the ninth chapter* 

here the curved, annulus is of the s&ae geonetry as that 

'V. 

considered in the seventh eluipter* have considered the 
fully developed (both hydrodynasicilly and thersidly) Isninar 
'forced How* the nethod of approad:i to the proble-u is the 
siuie as adopted in the case of heat-trsnsfer in a curved pipe 
in the preceeding chapter* Bte walls of the annulus for 
line sake of sinplicity am kept at the sane tisiperaturea* 
we have emluateil tw teaperature profile throughout the 
annular ^pacef and aim the local heat transfer rate at both 
the inoer and the outer walls of the mnulus* 



CHiy»riig' 11 


iUmhm mhumaa of E^OAriuUs ma 

F0tfi«*L44 auiaa 

2,1 iiiiaojuciiwii 

lo this ehapCtri m discuss tht thmty for ** tittiXar 
•oXotioas'* of tfa« boyoilary layor «qiiatio»i for i^owtr-law 
floidt on tb« «aat« linoa at is usually doiss (of. deltXiohtixig 
Cl9i0)) for iswloiiian fluids. In «hia mtmsv m obtain a 
goattralisation of ths Falltsr*3kati squatlcii. Isportant par^* 
eular oasts lilco tbo ^ 

it) bowdary layor fJows mlrns^ a utigo 

itt) boundary layor floiit aloi^ a flat plats 
Ciii) bonadary layor flows in a oonrorgont etumnol 
and CiY> twfMtiBoasieaal stagaatim point flows 
tmvo briofly bo^ diS'Onssod* 
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b^yiriyiij 

lay«r aqiiatlons for tho tw&-*dia«asi 0 iiftl 
flow of ft poii)«r*laii fluid ar«, as obtaioad by Empur (l§#3o) 
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vOtift tL sod 15 - ftr« ib« ocHHip0iiftots of vftlocity along and 
perpondlcular lo (liw vail* Ocxa is tb« fr«a stress rtlocibyf p 

. Vid 

is tbft dtosity of «ifti fluid aod 7 = 2 ^^/p • 

fba ftquiibion of oonblouity Is infttgratod by intro* 
due in g tht stream fiaseticaii vWeh la sucb that 

u. = ,3'^- ; •'>= -^ (3.2.3) 

fbii bound iiry layer aquatloiks tliir« reduce to 
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I— md ^co ar# t;bs r« fertile* Imigth and vsloeitj 
r*sp*etifclyf «id ^^x-') is a salt able sealing ftmetlon %q fe* 
elm»m lattr* In &«i«s of ttics* varlablesi m g*t 
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*• ; 



40 


i -/f I 


^"1 • ^ ^ ^ pi' 


<3*^. If) 


wii«r« 




, h Vx_a 

L ^ Cx.) ^ c(^ 

VJtxf' 


^ Ocxj ') 


C 13) 


mA 




K-\-\ h-i 

L.^cxj .0^ 

VJci' 


V)'cx) 


Ct*f*14) 


W% tlsoos# Ucx) atia so ciiat ^ ao^i |S art 

eonsfearits. For ^ tfe« sqiiafciaa (f.f.if) r#<Hioes to th« 

wtll teowB f^lker'-skaii ©quatlofis 
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L ^ Cx3 \J (.X) 


Cs.f.ii) 


la g«aerml tb« vsIooI&f tmpomat u. sriii %mrmm »9 
from its ssro vaitM at tHa wmXl to th# iraliia at %hm adga 
of tha temiarjr lugrar mA thas in this aasa a'^ Mo^ad 

hm aoa-asgativa, Uron C9«t«&> aasd (3*3.11) it notild tfaaa 
appsair that if ‘^■=‘5 aaa ha ahosaa to ba a aoa^agatiaa 
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fiiaeticnk, m eim talec to bt Qonnogablvo* f!«is m em 

uftko th« aaswptiojo that ■(" is aoa»iMigaUv« fi»ietion maA 
iatogfats 
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C^s, 


subjtot to th* Ifoixidtry oonditions 
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AilO from (3. -1,13) MI& m 
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where K is a diiseasioaless constant. 
Soivlag for U(5t) iisi <^x) we get 
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fO* oas« ^ -(^t^h-i) (3, 


X«ft strlisr loads to tim 


%c>L> . vjcxj • 0008 taut » c 

0 


C3#3# 11) 


. h ! ^ 

‘ ^ ^ (Vi-!L) o Cx) Vj Cx3 


Co<_^) ^ C. L. y'cx> (t.3,ii> 

U cx> 
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of CS.3.1S) gives 







"lvv\~ 


) 


K. 


Cs«a.i3> 


Hud also 




(y^-y'i C 1- xua-v wa) ^ 

C 3 ^ CM')^ 


Ca.3»i4) 


where end ars instants of proportianality, 

S.4 PA«fiCIILAa 

C«»« I s flow Fast a l^ge 

If til# angle of %tm wdge is tr© > the poteatial 
flow is given ^ 


& 

Uot) = C 


lA^ 

c ^ 


From C8.3.7) end (2.3. U) we get 


V\A — 

2.- 6 


'tK+0=^-C2.Vi-l) fi] 


or 


ca.4.i> 


( 2 . 4 . 2 ) 



Cv\■v^) G 


or 


© 


2 _p. 

L(w+o=^-C2>i-op'3 


(t.4.3) 


where is tekin to fee ^ . 

Also from (i.3.t), Ct.t.3), (2.2.3), (t.2.t) and 

(t.t.ii) after oontiderafele eii^lifiemtloiis wo have 



2 .-H 


(^.4.4) 


1 = >[ 








H- - 


r . 

L 4-vVv(,(2.h-l) 


. J . = ] <=<) . 


(S. 4 . 6 ) 


Ka 


u. = C . X. . -^(V^ ) 


CS* 4 ,«) 


'\ 3 " 






r -f,. V ■ c. J - C=^) 


HVwt^h-O 


iL H-+\ V^-V1 ^ -' 


Ct.4.7) 


Vk-\ 

'1.-V2.© (k-0 


Ca.4.S) 


of (Sl*4.8> subjoot to woaM 

gito 4(vi) and ^ ■ md tlion (a*4.4) and <t.4.7) wsmld gi»« 
u- and 'v> • M om diaotuis both tli« aooelorating flow 
(vw >o ) and tho dooolo rating flow (_vva^o ) , 

C«s« 11 I 7wo*di«i&aiCKtal Stagnatioii foiot Flov 

la th« «bow« fAulftiti, MS j>at ua _ ^ - a = i , 
timi wt i«t 
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c 


ir'^ 


4- 


r _^+'- . 0 

t- u 


2h-i 

C, 




\ 

H-+ \ 


-Cy-') 


Cf,4*i) 


Ct.4.l0) 


u. 




^ =-(-^^'-V- 


I 

^*1-1 ^h+l 


h 


ii 

3>) 


-'-!! 4- 4 - 

i+H ^ 1 I 


ih 

l-t-h 


h-l 

C-sc.) *''^' 






V\-! 




/// 




h+l 

2 .H -1 




(9.4.13) 


lilft Il3iis gm% tim iitmpmtimi point toouiid-«ry lay«r 
ttoiigfa onliit® tti® Howtonlan cts®, tni* m%y not »mti»fy th« 
eoapi®tC' «%u«Uorit of notion. 

a*®# in t How Fast 1 Flat Flat* 

In ttiii east wo put 

= e ^ o th.n 

Uw = <:.(.■== )° = c- = 0„ (lajf) 

m« givott m tHo mm of a flat plata aitli aoro 
iia«i4«ao*f mA m got 



4 ? 


h-a _L 


V\ = I'"', 

^ Y~y\, Cv\+- 1 ) J 




Ca.4a4> 


= 


[ hti,+ ,y9 . c ""'’] 


h-i-l 


C2.4.iS) 


^ — U ao . ^ 


CS,4.1«) 


- 


2 V 1 -I 




h 

h-t-i 


Ca*4.i7) 


h-^ 

.»f 

T • ^- +4 = ° 


(S.4,18) 


eas* IV 1 riQs# in m Qamvrgmt Gl3a.m.«l 

this eas« corratpoad# to cK = o » , ihm tvm 

ir« g«t Ucx) . <=^ot) » eoast^mt, auad fro* 


Uc^) o<r C'^) 


2.h-l 


^Cac.') cxZ > 


%y\^\ 


(t*4.1II) 


itm taaie dlfforcatial oqt^Uoa teoGaos 




f . 4 " ^ (^-4'^) =o 


C8*4.t^) 


Httltiplyiaf Ct.4«30) toy 4 " , i»t«f rating and ming 
ttia fiondition tliat as ao , 4 '^ 1 , f'' = o } m gat 







j- = "+' + (*.4.ai) 

liit«gjpattiii t'aiM »g»tja 

f[ df' 

Slftii* B.% y^^of FurtlMir if mg 

would tend to infialty. If v^ > i ^ ^ ^ 

fiait® '3ad ®ft#3p tl^t -f liould rganln 1 • 

y® &SLy also note that giaae 


aM 


R . 



* ■ L^x) 






Ri^'+i 


3^3 



ca«4.i3) 


Ca. 4 «f 4 ) 


foi“ h ^ I I we shall fequiire both -f mad -j tiad to 


y\-i 


aero i« *uch a my that -f" ■ j'" also twd® to aero a» , 

If h > 1 • we aeed not iaeist oa -f ^ teadiag to aero* 

Froai Ct.a.as) 


I 

— h-J V y. / L. 

^ 2 C^"^) 

V 3 


= f ^ 

h+rj j 


2. 

>nl 


(»*4.S&> 
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OP 

wber® th# iiiooaipliit* jS.- fluetlons ay# dtflned by 

= j .;e.^'.(l_^) 4 ^ CS.4.«7) 

o 

(2»4«M) OP mmhl9 ii« to plot <^/u ts « fmetloa of 

* If I tto* tabl®s of incoiipltt* teta fmetlorii €«•• 

Fearaon Cl93t> aod (1934)) em bo utod* If o 4. n A. » 
iiu:B«pio%l Intogratioo ims to bo usod* 

fho gpapii(^-i) givtg '-L/u at a fHootioii of 
fop potudoplattlc fluid (v-t- i a ioirtonlim fluid (^v^_ I'j 

aod a dilataiit fluiil V\ ^ ^ • 

2*j» 3€uamm*b o? aoLunoiid 

SeiioiMtltop (1900) das iodopoi^oiitly attacloid tiki 
ppcibloa of sittilapity solutions in tdroo-dlatiislafial easo of 
tho flow past a flat piato vi^ro potontlal wtlooity vootor 
is mt poppandieulmr to tlie loading «dgo« and this is a auad 
«opa rastpistiva rasult tdan is obtainsd for ^owtoiiiiud fluids 
in tbpos^dittsnsional flow* 

fhs o^sst of tdo ppasofit ssetion is to point out a 
disopipinoy ia ttis a^li^atioal davslogHSont of dohowaltsfs 
CltiO} m4 to fivs iiooossapf oopraetioniS. 
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m use the ftotatious of schowilt®r»s paper, fejiiatlcaas 
Cl4)| iVs) and Cl6) of the text are 


{^,jo)h-i 2x°‘L^ 


.[r'-PP'ii] 


J w" au% 


VJ° Sz. 




m-t H H 

_ 1- __ aj; pc'’ wt. p'/ 

( u°) K-i 


-it ■ [f' - f^"- q + L Ffe'-i] 


.. f ._ .i}^ g,F"_ J Fp" _ '^V_ 


' „ 1- 

jgVi-vi ^ 


[ [f" + (,^G")']‘^Fi +- 




[ &' - gg'^ _i3 u“ 1^ p 'g '_ 1 3 


,o\h-\ c)-3i® 


3-x.° 


^ . F6" 


- ' . - _^^‘'f- SG "_ FS ' 

az.® a*® 


l}^-+' ai 


2=1 

Us'^ (^F'o"] '• s"! .f , 


fheir eorreet fome shoiild- he reapeotiveXy. 


I j i- T. KANf^IR 

^silssi 


H+l 

{^0°)*'-' ?^t«= L 1 + 32.“ 


.ii jy° 33 

(^yOjh-l 2,x“ ^yo3>1-1.^^c. (^U°)^-' Ji? 


N{Vv+l)-l 


b=} 


= («> • 1 [ F-V (¥^")*] "^1 . ; (8.6.1) 


ui (u")” " 


-.’ - - lyT fF'^-FF-il + af<AU°r p' / ,-, 

l’^ FF 1 j + .___- |_ FS -1] 


- -1. -, -. .&f"- ->- . ^ ff"_ vl 


F& 




ami 


' d'N” (-(■<> 


^ r(^t.QG"-L'] -F F«-il 

?2" '- (w®)''-' a«.“ 1- '* 




- ---F- - . F s ' _ .J _ S,g"~^'^~ -^3- f6 




1 [5"+ c.feff")''] + uy^;)-^ -i«... (8.6.3) 


f^8 SJa(8 AodifliKi fosa of «li« • quail on (17) of tli« 


at^'f c l«iii 1» 
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\-V^ 




3U 


t-it 


- Q, V4*" (0“) SluO'' =3 (U°) 

r-z.- 


N I 


i 

- Qt, (y) w^ 




— , - 






\-n 


2 ?X- 




Sl-K 


^ Q<) (Vm° ) - ^- 

Av‘ 


<i‘x- 


rh« i*«Qiiir«eait of propoftiaaailty feetwt«n u” and vj" ah 
obtaintd trm liay \m stated as 


c* o 

\^J = k„ U 




mud t^arefora (t«6»4) 


= a,.koLU“Pjl^! 

fix® £''z" 


1-^1 ■^. 
= q^ koC^") -^v 




2 -n 


=. 




= q^ ko kV, k , ^ 


= 


f- 




l-Vi 


= < 5 ^, 
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Q7 1 Koo”) . jy. 

2x* 




Qo ( koU°) 


^u' 


- Qq i ) 






. 




(»,&.«) 


wh®i« Kp Is a coastmt* sikI 


^ - q^ k 


l-K 


i-h 


- k„ ; a, = C,^ - q, K 


i-K 




^lO I^B 


\-i'\ 

\ at, -= kc 


Ca.s.?) 


we also get 


3JIkO° 

B x.° 


- a,.K 


ako'* 

O' - -- — 


aw§- 


= a. Ko 




0X'' 


1- 






Ifitegrstiag ('fo^^S) for U Mi4 % separstelyi ee get 


- 


4- ( x® + k: 
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0., ko ■= ^2, = Qt-ko- • js 




and 


i f 


[(Vv-O _ J,(H-t-t)3 


iSt J 


Her® ^ and \> ar® arbitrary etiiiatiuita and f is m arbltr* 

ary fmcfclon* fh« constant \> corresponds to of 

( 

oiir discussions in tbs preessding sections. 

Integrating (3.0.I2) a^id using (2»S*6)| i#e get 


U‘ 


= C + A.^“) 




(2.0. 13) 


and 


VJ C k o (^xT 4- ^2.° ) 


Vo 


b t^vo. 


^3.0#i4 ) 


(2,3. it) 


wtsire 


VV\ 


flHvv-v-') - t v'-’-'v 3 


for tbe case wbac Hh+i) - and , 

If ipiH+o- Ck-x) =o I we get til# solutions 


U° 


c e 


(a.o. i«) 
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= ko C ^ 






I 

c 


, O N <.\ U V<~^ 

■e 


6 # 2 ^ J 


In the thove «i|i«itioaS| we c^jh regard Ko , ti, 
arbitrary eonstants «ad then Ct*6«i7) and CS«b»ll) weiibiS 
deteiwine a., to .Q,e • 

IToa m find that the potwtial weloelty 

ii la a flaed direotioa -Mid ttm and (3.0«14) w* 

find the **alfBiiar solt^ticae* * are poi^ible 'dhm the poteati-al 
velocity is proportlofial to lo^ power of Um distance tv<m 
a flaed itmgnationstrHig^ht line* 

Wy putting k» o and |\ :^ o f we get the two** 
di«ienfionail case arid the correspQnijd.ng equations for 

\>Cvx+\^ _ Ch- 1) 4:0 c 5 <^i reduce to 


0 %") 


= c C^° ) 




Ct«#«19> 


which is' the 8«.ne as (3*3*8), 


and 


c^Cx‘>) 



. xVu V\ 




V^+) 


which again is the satae as C^«3*9)* 

VLk-+\:) _ (.vx- i i =. o 


equa^on (3*b*ld) reduccito 




mgftin it tbm east ms %im vmXut of uc ^3 in 

®*4nmvi'=ji4 siso %|8 





which is th« sm'uc ms C^*3«i4) of our discuttioat* ttMs m 
s#t: thftt dcfioii4i-t«r*s trsmtnmt gtvm rmsuit vkilch mro th« 
!»«&• «s diirs nmthsaaUcai arroi* is corrmeted* 


cji 



in 

iaoyio,\iff-L4Yfca hj« mt auw of a **o«a- 

Lhyi mmo lu tm im.b.£ imam or a ciacU).4H fipi 

3.1 MfUBJUCflOli 

Bogum il9£@) 41s<m98«<l prcgsurt drop io tlio 
iolot loo^tb of & oiroulfti* pipe for th« flov of th« ooa* 
iovtonl&o pouer-Xmir fluids, folloiiiog EarAaii**Fohll^%y«o^ 
Ao&liodt hfl assiiied a oubio aquation for thm valooitjr profila* 
While t;hree of the eoaataots oocuriog ia the euMo equation 
oould be deteraiaed froa the botaodari' eonditionsy the fourth 
oonetaat *a* iris seleeted to ai^e the iategrated hiiMitio 
energy of the felly developed profile the »m* as that of f^e 
thaoretioal one as the exeess pressure diop is Mostly eousuyaed 
la laereasiag the Idaetie Miergy. this eoasideratloa gave 

*m* ' - ubere yv is the flow behaviour iadex of the - 



pow«r*law fluid* 

In th« pr«s#at chapter m Mv* sUis«stod and ii««d 
an alternativa prlneipla via* tba prini^pla of least gqmrea 
for deteirstining *a*'* i« find tiat the estiaates given W 
this jtettod agree elosel^ with tliose given hf tha prineiple 
of integrated kinetic energy* 

the cubic velocity profile coincides idith tbe fully 
developed velocity profile for _ i and ^ V2. § kut 
for otfter values of n | it cm be mly a very good appro-* 
xlmation. the quest loii naturally arii^s td.stlier a fourth 
degree profile will not give a better fit. iMt a fourth 
degree profile .scans one mote unimown emstant. fallowing 
the practice in bomidary layer theoryi we take the additional 
boundary condition as the vanishing of the secctid order 
derivative at the edge of the boundary layer* ^e get a 
velocity profile which coincides vith the fully developed 
velocity profile for n- V3 •> V2 I other values 

of n t it em be mlf a good approxination* Sven for nr:. 1 » 
it does not coincide with the fully developed profile* for 
this reasoni we investigate in alternative fourth degree 
velocity profile In which instead of the vanishing of ^e 
second order derivativei we insist that tii# velocity profile 
is such that it does reduce to the parabolic velocity profile 
for .the icwtoniisi fluid* 

uKi 'thus have three velocity ptofilesi one of Ihc 
third degree .and two of the fourth depfec» each of these 



eontmiaing m mkmm eonatwt *a** fo 4«teintia« m&h **% 
ve hav« ttii-a® priaciples viz* 

(i) n+i 

h 

(11) tha laast squaras priaelpXft 
(ill) that, prlnclpl® of intagratad kiiiatSe mergy* 
m Invastigata all thasa pOBslblXltlas In tli« 
p?a$«nt akiaptar, itnotl&ar fourth dagrat vaioelty proHia 1* 
ohtaiaad hy eoiabiaing tha prlaci,pi«» of aqaal iatagratad 
Iciaatio aiiargy and tha prlaalpla of laist squarai* ida 
datarmlaa tuo CMia&ints oooaring in thig aquation tmm tha 
boundary oondltiong and tha olhar tiro cany in principl«i ba 
datarslnad fron tha tiio prineiplas* In practloot towtvari 
va obtaifi two oublo aquation a to dataralna th« two constants 
*t* Mid 'd*, ag it Is not assy to obtain tha solution of 
thasa two aquations. 

3.g va-QCIH 

(1) C^bie Valooity Fiofila 

Lat tha boundary layar waloolty profila In tha 
Inlat lifigth of a oireuXar pipa ba givisk by 

u ta.a.i) 

TT = °-'6/E S/l)’ 

vhara 

u. a tim valoaity aoikpotMwiit paraii«ikl to tha x**aai;s 

<ni tha saatlon at a distMiea <?c trm ttw origin 
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aadi at a iistniic# K fro* tli« oentral axis of 
th® plpt* 

V) • t£i« ir«]U»elty la aua c^atral »!«! 

5.3) « tilt dla®€ttr of tb® pipe 
S « tiae tiowiiarsr layer tiileimess md 1® a fiaattioa 
of X oaly* 

im eciietaatS) ti b and c otctirias ia art 

dettrsiaed from th« bomdary ecmdi tiana t 


U.=U A- =I>-^ 


am. 


= o 


oA A- = i>-S 


C 3 ,a.t) 


fiiete give tbe values of *!»• and ‘c* ia t#r** of 
*a*t so that the resultlag velocity profllt is of the for* t 


^ -V C3-2a) C3* ^.3) 

VJ A/J) ja/jj-v V '• g3/j)^ 


(ii) fourth degree velocity profile io. 1 

m assume the velocity profile in &he form 


u ■ S/s s'/s^ s^/d3 ss/b>. t3.a.«) 


a 


Ihi eoastaats h| c end d are deteimlaed by th« bouadary 

oaaditicKif I 
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u ^ u 

at 

K = 

dA. “ ® 

a t 

A. r. S 


at 

A -= b -0 


On applying tfe«s« ct^jditioiia (3.2.4) b«eam«s i 









C3.3.@) 


(iii } Foujf’fcii dagP6# v#lo(ci%y pjpofil# So. 2 

m‘9 tml it advisabl# to isstt«# tb® fouirth dagra# 
profli® ulilch laust r«duc® to the s«coi»l d«gr®« profil# t&w 
tii® Ktiftoniaa eas®. fiiis requXrm In addition to tl» 
boundary Cttodltloni (3.2.2) that 


c = oL = fta) (3.2.7) 

fhis gives I 


u ^ (i-Vif .(Srl) 

U S/D 3 s^/r,^ 3 $3^^‘3" 3 "iVcV 



CS’V) FllJiy developed wlocitjy pyoril# 

fdt fully dtttloped v«loclty Sot tiiif floii 

of a pow«r-l»w fluid ia a eircuX«r pipt ts«@ Alklaaua 
C1960)) is 


V 


(.h+-0 


r ^ 

[i - (Vd) ^ 1 


C3.@#9> 


V is tht tntrsac® velocity, siac« £h« flujt of 
th« li^luid passiag through ai® pip® rsaains c»ost'«it| th# 

«quafcl<m of contlaulty at aay ssetloa of th« pipe is givsn 

by 


TT 3)'^V 


giviug 


- 

TT (B-t)) . u + ;in /tiidr-c. 


C 3.3. 10) 


jj 

V 


C3*3. H) 


i -V Ki 5/2 j "V /i) ^ 

fb# ¥alw?s of tbs doaotsiaat^ of (3.f.ii) wasn ^ = j) 

various valocity profiles ar® as folloui i 

For tb« ttiird dagrea vaioclty profila giv«a by the Oiuatlon 

C3.1.3), it is := Q+3 

For the fourth dagrae velocity profile given ttia etaatton 

C3*a,«), it is = (3*3*13) 

For tha fourth dagraa valoeity profila given by tha aquation 
(3.t.t)» it is - ^ (3,3.14) 
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3.3 hlMS PRlNiaietb OF FiKmisa ">" 

dlno® th« «isi»ie4 ¥«Io€it 7 profll«i 
mi vlth th® balp of %im ^mtiont 

C3«?«13) i«d (3«a«I4> at th« loltt lm$%h 
in til® Xiait atoiydd approaoli as naar to tb« foil 7 do'faloptS 
vslooit^ profil® (3. 3*9) as posailiI«| m applf tlia prlooipla 
of least squares to oiK^ose *a* so %M% 

''o 

is Siliiiaia^i* Here u. is the fully deselo^jedi velocity 
given by C3«3«f) m6. C3.3»1I.)| arsi Ui is the velocity 
given hy (3*3*3) cr (3.3«6) or (3*3*8)« 

Using this m get 

Ci) far the euhio velocity profile (3*3*3) 


3(G(3onVli<qt,h’‘-+ S8S h + 57 ) 

(2.^Mo)^ 3+ '3Gik + SlSIH + iq y 


(3*8.3) 


(ii) for the fourth degree velocity profile (3*t«8) 


2. Q l5o *^^ ■+ ^ ^ 1 - ' ) 

^ ” ( S3Aoh^+ a'=\k8h^-+ 3.3,) 

(iii) for. the fourth degree velocity profile (3.t.S) 


a = 


( 232.5£)0 Vi^ -+ 5324.'^ ijglSsh 

2( V3‘^C8o>^‘’+ (o I 2>7e, H^+2.4'ioo v-,%. 3B'tSh+ 176) 


(3*3*4) 



tkm ttMm glvts of ' » ’ for roriooi 

iraluoo of n f«gp iii ««s«o rl», C3,3«3)» 

C3»3»4) aoi Um% mmm«A tiy iegiao 


3»l I falooo of tme variooo ooliio* of & im 
oil voXooitr f>rofil«» 


ii;ii: a::MT i9 "iii ilt t 


^ a ^ ^ a ^ 


vv 


for eoMo 

roloeity 

9 rofil.o 

'#11 ^ 


t&f fotirtli 
iogroo 

pmai* 


for t&urth. 

ooiroo 

VOlooi^ 

piofllo 

(3.3.SI 


=- 






0«4 

3*«0a© 

t«41l38 

3.4f3i 

t*4444 

©•7 

f«4^X 

8.3X17 

3^318 

Sa43tiM& 

0*8 

3,8?St 



3.3i©G 

0«9 


X4l8i3 

t.xxix 

3*XIXX 

1*© 

t*©0©© 

X*7ti8 

t*©00© 

t.©©©© 

%»% 

X«W© 

l.im 

x»i©«i 

X*9©iX 

1«4 

ijmm 

X^«8©8 


X.3333 

1«S 

X*734i 

X*W3 

x.7m 

x.7m 

1«4 

x*4ie8 

X«89S€ 

x.mi 

x^txii 

}.»4 

X»#X4S 

X.]^8 

x*m« 

X#4fi# 


•itix»:iri:.a#ia)iiwa«vr:rx-0»xi^^ xf: o.Ar.a:i-x;i?io;iw*« :'ii;r' i':ionniMr:.:«. .i' x,« ix" iLkOifxxr'xiixx 


Bio otevo 4alil.o olio«o tliat ^ ^ - gliroo • 
■y^proaiijiiitioii tm osMo voloolty pw&tilm os ooll. os for til# 
•oooni. fourth 4ogs^ #o3oolty 9rofllo» Oot tlio mgmmamtm 

tm Mm first fourth ^groo volooitf proflio* 4 
possiMo roosoo »i^ M Mm pat&mA lOorBi 4^ppoo nlooi^ 



proflla is quits eloss to tht tM,r«i dtgrss veloelty pyofil* 
as both of tl-iSffi ay« sssused to b« rcduoibis to ths paraboHe 
irslocity profiis for ilswtoiiiai cass. 

4»4 iniiQdxiia m.uina hhami ma 'o-’ , 

to %ake th« two YsXooltir profiles t Yis, ths fully 
dsvelopsdl wslocity pyofils ari4 th* limiting vslooitj 
profllo oorrstpoixl to sach othary it is esidtmti howsYsty 
that thoif iatsgratsd IdLustlo •naygifs aust also bs ths 
sane* Hanot m ohoosa ' a' so timt 


i. 




j. 

2. 


P 3 

; 5 ,a, 


d h. 


( 3 * 4 * 1 ) 


whtra u is tha fully dtvalopa4 wlocity hf (a.lcd) 

mrii o-a is tht limiting thioratical Y<plocity givsn by 
aithar (3* l«3) or (3*q»#) o» (a«3*8)* 

Squatiou (3*4.1) glY@s i 


(i) for tht emliia valosity profila (3sf*3) 




(3*4*3) 


(ii) for th# fourth dagra a veloolty profils (3.3*€) 




( (S x* l3C)Oi^-+'2>]\o^'^^^<=“irQ,o+\n’h^& 


yq-y(o ) ^ 


•\ 2.0 1 ^ o 


(3.4.3) 



6 ? 


(ill) for fourth 4egr«e vtloeltjr profile (3,2«S) 


sCaH-v-o"^ 

*2l^xnv0 



\o\s8 Q- A26&ta''-^3'^lo\OQ+SiiS7r' 

I,Soi,S 


^(3*4*4) 


liftoh ©f th#s© ©tjuuHoBs (3#4*2)j (3«4«3) iuei4 (3«4»4) 
being ©ufeic in ' a’ can be solved for 'a' f but ias^ad 
of solving for ’o' we oboose ' o' for oonvenieot values 
of y\ and with tMs value of 'o-' we eoapmre the degree 
of agreeaieo.t of the method of least squares or with the 


ease of a • If deiiotes the ratio of Integrated 

kinetle energies betweeh the assuaed veloeitsr profile ind 
tiie fully developed velooity profile in eaoh of the three 
velocity profiles the Gomparisoh is showa in the folloidng 
table I 


(i) for ^e oubio velocity profile given by (3. 2*3) 



, So^O 

3 C 3.Vv +-^ ^ 

2. C 2-^1+ 0 ^ ^ ^ 


(3.4*4) 



tablii 3*t I CsfifAifittm idlti ill tli« Ti3.»eg of 'a* 
•qmtlm C3*4*?> 




»»• it <!?iii«ii *•* It 

YV gl9«Di iff ittat giwm Hjr tq^l* 

Q- «|titr«a tttliod iiit«§rtt«4 £•§• 


0,# 

§*@99^4 

3.9949343 

X.3333 

0.f 

0»m3iX4 

3*9917149 

X.3333 

0.8 

6«t99^4 

3,99S4043 

X.3333 

0*9 

0«999B3il 

3*9971337 

X.3333 

l.«0 

i*iMiCN!NKN& 

1.303C^>33 

i3L#C©€^ 

x.x 

ummm 

1.3037474 

X*3303 

x«t 

i«QGoims 

1.331IK301 

X.3333 

1*3 

Grnmmm 

x.3mm 

X.3333 

1*4 

3«9Ma<» 

1.3X13893 

X.3330 

X*3 

3*9991933 

X*3X9979i 

X.3333 




(ii) tmt ^ foiitt& dtgartt vtioeity ptofiXt (3*S*#) 


P = 


( IS^' 


300 . ^•+'^11 a V S-oS-^ Q 4 . /Q- 1 . 3 > 4 
l'2-ol^ 

_3C3'1+|J 
a{3Un+fj (s-zt+s) 


C3»4*i| 



M I Simi^ainra wim all values ©f *a* fiwp 

m^mum C3*#*C) 

liMa •©• is ^ irtse •a*/ts ■ 

n fiv«a bf issst iisss Igr stisl 

a- -^'^L i^Msrss Mtlsii isSatssMI £•!» 


0#lt 

%mmm 



§.f 

&*mmm 

x^mMmm 

xmmm 

Q«« 



xmmm 

t*t 

©^9mm% 


xMm» 

i«§ 



3.»l3@mG 

l*l 

&»9mmB 

Xmmmm 


lm9 


x^imms 

umo&m 

1#3 


x*mx&m 

um&om 


9*mmm 



I*# 

Q*9m&m 

uQ9mm 

x^4xmm 


Cili) tlM img^ 4igfs« C3*M) 

lOlS2crLit%6(> I SI 16'7S 
^ ' , sia+s-) ■^""' ■ *' C3*4*f } 

^ (Sh -b-l'j *' 



fftm« 3*4 t tXi tili mt 

for C3«4*t) 

(j^i^Mm ^ i**R •■,• It fivta (Piiimk ••• !• 

Y] tff lofttt tqiioroc gltOB Isf oqtml 

cc «o4lai4 iatNMPNitii S*!* 



0.ft39ftftift 

Qjmmma 

irnmm 

©•f 

6«9ft?m4 



©•ft 


©•tiaieft 

umm 

t«3 




!•© 

u§mm 

i*©6m© 

Xmmrn 

1.1 

uomm 

i.ftliFiiii 

1*©©0Q 

l.t 

ummism 

l*iift4IE7© 

%»mm 

l«ft 

um»m 

irnMmm 

laidftft 

1*4 

umam^ 

umma 

i»wm 

l»ft 


uomm^ 

%,mm 


Mi obtorro tbiott la til ottott tbo t^ototai 

botifotii #ir«o aolbo4t Ig fi^to gsod* oor 41g«iig«lfiB» 
tlMroforo iMgtlfiog to t«io ms^mt§ We^gm*§ obtioo of 

~ for ^ » Mi w tiowofort loo o^r mmm mot 


imliiog If «• lifeo* 





IM 


A^ALit-isnr-MtDiiiv kkQ tm-BmhiiiimiiL mint 

iLaM Hi k GMm«i ium^MikdinQ n,uiQ 

4*1 mmoyafiuii 

tern proiiXca of ilsaous flow utar m atapifttioia 
point im4 te«n ^ ammitth (1934) for tli« pX«ji« 

oastt md 1^ frossling for %im A3dalIf*«fi»etrio emso m» 
hm h»m roportod doliliohtini Clll#0) arid ?.«! (idM). 

For tho a«ln#r»lilvllti fluid oonstant eotfftolmt* 
of visoositif and o»9Sft«*idftoo«lty, tli« proldoa ms mXimd 
by drivaststvst A*C* Cl9di) using tlM Kiii^iifi«*Foliliiaiissa 
ffistbod inpl^iof a fourth dogreo voAooity proUlo* bator 
Jain (19#i) inttgratad shs aasa lui^sle difforantiai e^oatloo 
by «Etr«ttal. point oollooation oetlioci on IJM §66 oonputor 
at liMitNirg* 1^ rasnits of .irisaataua and Jain ragarding ; 



tbs imrmme in boiaiidsiry lay«r ttoi^neat aad ikiii friction 
mrm almost i« ■verse of eacii other* Ag&in Bajeshvari and 
iachna (19§S) iutcgrittd tiw equations for a more general 
noni-ieirtoiilaii viscoelastic fluid «Mch Inol titled the Beiiier* 
aivlin fluid as a particular cancf hy osing the sixth 
degree velocity profile and Haraan-pohl hausen method* tl» 
results agreed with the results of Jain, fnis shovs that 
there ma nothing wrong with the use of Rsjviea-Pohlhaiieen 
mettod is an approximate aetiiod of Integration. 

& close exaeination shows that the use of a 
fourth degree profile hy srivastava is not Justified by the 
txnmdary conditions imposed. In factf he uses the vanish* 
ing of the third derivative of a certain functioc at the 
edge of the homdary layer to determine a constauat of 
integration occuring in his problem but does mt use the 
same condition for determining the ecmst^ts in the velocity 
profile* If this condition h^ bem used| the boumlary 
layer thichniss could have tmm determljoed without Integra* 
ting the Nisic differential equation. If all the conditions 
have to be satisfied conslstentlyy the use of sixth degree 
velocity profile is imperative* 

dharma (ItOia) has investigated tias axially* 
ayMCtfie flnwnf a single relaxatlon*tiM vimcoelastic 
fluid near a stagnation point by using a fourth degree 
velocity profile and for the si^e reasons msntlonsd above 
the use of a sixth degree profile is nseessary in: this eass 



also, m harabf glv# tJia r« suits of tlia usa of tb« sixth 
dagraa prafUa in scetlon 4«3 • find in this that tha 
houndiff itt^ar tMcioaass and skin friatloa both daeraasa 
with tha ihoreasa of tha aoii-diiisa&tiaaal lisooalaitia 
paraaetar, fhe tuo-diraansioaai stagnation point flow l^s 
also taari oonsidaiNsd for our of tha fluid and tha 

rasult ooaa^out to ta tha sma as that of najsshwari and 
gathna (I96t) for a di f fart nt aodal @>ocpt for tha ohanga 
in t>ha sign of liui alastie parsattar* As such tha datailad 
oalouimtions for ^is sasa havt not haan giirtn. 

4.3 uF im cosiaaojid 

hat a visco-alastle li(|uid iapln^a parptndieularlf 
on tha wall at z = o and flow awaf radially' la all diraet* 
ionsi so tt^t tirsa stagnatitn point is at tlM origin of 
ooordinatas* Let u ,V4 ha tha 'saloclty eonponants in tha 
A and z dirtations in tha l1fiotl<wlass flow» ao that 

O = Oh, , w - C4.a.l} 

haing a oonstant. Xn tha hound ary layar tha raspaetiva 
velocity eoapouiiits ara glumk fey 

u ^ » oo = — (4.S.S) 

iuhstitutiai tiaat'ia ^a a^v^tiona of aotioni ^laraa Clfi9a) 
gats tha afwatiaii' 



- o 


74 


-2- 

dz 


[j - V -f -(- 9 A (A:ff-£ft 


C4»a«3) 


vii«re >) it tJ» felaelfeis 0o«fflcl®at of vlieogity md 
ii tii® r®lt3Mijfcioa tlm pmra®«t«f aod.priiMi d«aot«s diff«r- 


«atialiton with r«tp«ct feo z . lottgratlon of fcfo® aboif# 


oqaatioa glurog 


= H"- f'Vy f"'- JJA’' = <z 

wh®rfi c is tb« mmtmt of iafeegratloa* 
ioixiilary oooditiocis ustd ar« 


(4*3*4) 


+(0) = -^'(o) = o 

^ _ a , ^ =o (4.a*0) 

^ /// JV 

cf .q _,2.4(S*) (Si')] 

J 

whoirt is tiNi tjotn^aff Imfwv tliiokiaots* 

tm first tifo of the ooaditloos (4*3*#) «<mm» twm 
fio-tllp ooadittoo of litiuidt ttao ii«xt tvo osaie fro* tiis 
piif siosl ftsiwiplioas that u ^ u ojod || = o «t tte 

«<li« of &i3« Isoiaid-^rf ioytr* 

fit* Isst eoaditlos dots m% Mwm my physieuX 
hmsi»t tiioiiiii it iotsmiaiis <s. ~ • ^l>stltatiiii tliis 

valtto so4 firit tm bomAmwy mMitlma im tht diffors®- 
timl oqtwitlo® C4#»*4| z = o § m gmt mthmw mmditim 





vix« 





ftoe last of eciiditicxis twis not feaan imed bf 

mmm& (li^a) to tba oassttnts In tha valoolty 

profilo* Su.l»stitmtinf 



-fw = <^(Kj) 


A = gA* 




tile l:^sle <1 if ferential eiiaation m& tbe botuiary condition a 
beoome i 


S<4=^-V — A {i-t i ) - c {4«3*0) 

4^ Co) ■ = 4 :!co) - o 

<^'ci) - ^ ^ C4«8«®) 

5 4"(i) _ A [AS V'ci) - 24 >(a) =o 

using' tile fijrst five of tbe above eonditiont &•?«« tlie 
teowidayy lajfef velocity furofUe beeotaee i 

= 8 -T - I. 




i4mfmlj0} 



If m us« th© last ecaaditioa alsot ^ 


g, — ts ) 


A^S +-4c&*^ — 


c^*®» nJ 


which Hill <|®t®»liie til® bomdarir lm;^r tMelBitas la ttwi* 
of th« pAwcmtcr A | md w® wsuld g®t tii® faitilt ®ir®a 
wltltout iot«gratSng tn® baai® diff«r®Bti®I •qiMitioo. ffei® 
ii» of «owrs«i laot a aatitftetory position, fhls diffieiiltf 
emu hm 0¥«rGom« h/y us ing tb® bound ary oonditioiis i 


<^(0^ - c^'do ) = O 


h ^ C^) ■= o , '^(A) = o and 4" (i) -o ([4.9* 13) 

glao frci® thi diff«r®Btial squatioji (4«3.8)y w® get 

.III ,3 

4 (o) — — d 

Mid tbua utt uould la all got s«v«fi boissdary oonditiims uMeb 
idLll b® sufficient to datorsiiu® all tb® s®v®i 2 ocuistaiits in 
tb® sixth d«gr«« profile 


4c>^) 


<Uo -V- Vj 4- 


1. I ^ 

Y) + ^3 n n 

5 _ , 6 


C4.f.33) 


It is obviousp that tii® v®lo®ltf iirofil® of d«gf®® 
lost tbean six would not dOp though w® mm ust profilts of 
lii^r dogfo® ^mh would p how»v«rp a®®® aof* oouplioatAd 



c inX 6 i&X ft tf il, on ;-t • 


ilB any also not# that tte above boundary ecwudlitions 
arc %im onca tie lisuaHy um wJacn a profile of <lcg3P«c alx 
Is used* 

4*3 DiitiriiliwAiluil OF mu aoi- 

imcfiai 

Using tJba bowd'iry conditions C4*1*it)p (4*2.|3) 
is obtained as 




[(T' 



S' 3 

n + - n 


^^-(oS ^LislS & 

_ ^ __ ^ 

Integrating tbs difftrential s<|uatian C4*i* 
betuftcn the limits 0 and l| we bavs 


(4*3*1) 

8) 


- 3S^|4.U,^ -+- § [V']J 

(' 'V 

+ 4A ^ 4. - o (4,3,8) 

fubatittitlng tbe values of 4c>^') and its deflvatives from 
C4*a*l)t' iimplifying and patting s‘^= x | we get 

(^LfLiE -k^o\) ’>c'^ — t^i.i=kO -Jr \'h1ioo>^'^-x, 

\ ■ + (^tSqgOD- 7‘1iODo>v ) = o 


(4*3 ) 



^ -zjfc o , •qwticB t« 


"X 4 - G ' 5 C - Z-( S«^o X- 


- b M 


f 4»3#4 J 


fur fel» A =-o !•«• icnleiidwsi 

3.ifuS4« fhig is Um atm sqmition ma s^siosd ^ Itejttiniftri 

fti»l Rsttes ftw tha amm sags. 

fids sqmticm C4.3.4) has %\m rmta i.49Si tei 
37 ss^i a asgatifs reMSt» flas vsl#eitgr profit 

mrma^mAiikg %& «*499i ahamly strsas nitli ttiat sf mmmUm 
as r^esptsi hf ieldlslitiiig fba rmU mt tm 

aquattm C4*3*3) fhr vafiss^ vaXsss of a af« iiva& ia tlM 
feiloifiag talds t 

fatds 4»X s Hoots of tlw o^oatiea <4*S«3) for vsyrioms salosg 
of A . 

'ii:iH:w:r,:iv ,mMN-«nafl 4 »vi.w:u! \mi:m:'KM:V9 ;ao:.ir:»ii:-^Tri-aWiiPA*iSk:im,.iO‘i:.i:-.a umoMiMMiiiaxiiL:. . -w*:::: jmx^jxjrk’. t iar,o:- mnt mxmfAtmXMk.itL':\iiir.:m^^ 


•m 

«*49dt 

8*ii0i 

i«*sm 

••44I7 

•001 

Mm 

8 •0184 

i^^4m 

••4101 

•008 

••MO 

8*® SO 

14.3040 

••07 SO 

•ooi 

M 44 .MSP as 

8 «S 81 ir 

K^om 

••ioio 

»0m 

••mo 

9M1 

is.fioi 

••0877 


••in? 

8«4m 

1S«498S 

9»im 

•010 

•tHii 

8^47m 

1S*8I08 


•oio 

••Ml 

8«4087 


frnfm 

• 100 


1«8001 

§»wm 

Mrnmm 

•ISO 

••mo 

iMm 

Mim 

fi 'ifioi 

*mo 

3«li43 

i»rm 

mm 

••lOli 

0 

:;-iia::» vt>w: wiimj: /a ^ 

.; j:. ^maASCsr: 'i#ii,)iirKiiiK-A:..K; 


ainiti: mtv a yynm 



fh® slfje'ip tt th« 


:z. - c 


it civ«gi 


t.,= = ’ -V- -A- < 4 . 3 .S) 

in® B.bQ'Ve ttblQ fbOMS s 

{i) %im laytr thiefeaess ii«cr®.a 8 «s with th« iii«ir«« 9 « 

ia A t 

(11 > tii« ahttMrlng sti^ss it the wall tXto daerwatvs wltli. 
til® iaertat® la A • 

Jimmm (29i®a) has fouad th^t both & and <^''co) 

iBCPsas® with ^ m ^rh® reason is m% m mmh. in the degree 
of tne profile nied as with the slight error with the onMo 
equation whlth should luive l^en i 

3x' -h ( _ \l^ A ) 4 i3gt,A) X 

4- 20 _S714A) =0(4^3^^) 

If the eorreot equation is tahen the results would hare been 
the saae as ours* 

4*4 A^OAflOi Qi Mdkm Uisi 

am equation of tttmm lines Is 

^(r^) » eonstant |4«4*l| 

Of ■ ■ 


A?- 


eonst^t 





FC^) 


r S + "S' 3S-i2c M 

l‘ its~' ^ - T T^P" * 


ani 


S-IO 


s 

2 + 


£-!!1 

Ag 



( 4 « 4 a 3 ^ 


2 - 




z 


4.t gi^s t]|^«i ¥«2.m«8 ef Ft?) 88 agmlfyet 2 « 

lAbl8 4*g I f8lti88 Of for iiffolwat values ©f ? 

»adl >> 


4WiT;ii»<*;»')Hei,4iw:.h:',..*>''M ./ivmViTk^i. i: V"Xii»':jri:»Vlr''w.;;*k:n..,,8it;«¥:i%.iikai»^r;|fi::iw :ii.i:;-'Eti,frAt':ii..:»rk'..T iw.v'i: . ir iii:;:.,j' aa:v,;jr->.'ir „■'■>, i::\ 



A » 0 

A n #01, 

c.. n'.iiina.,,.!', gji*i8 :,.,.:.riii'.k,..v.iri*,a(;;wi*».::ii«». 

A* .15 

o*a 

o«m« 

0W08S1 

0*0301 

0.S 

0*34 

0.1437 

0*3744 

l.O 

0*48«l 

0*4980 

0*4343 

i»4 

0*0404 

0*9834 

1*0447 

2*0 

1*4334 

1*4449 

l.®08 

s 

1*9811 

1*9338 

1*8808 


4«S XI«}*IE»iliiXOiil. POIMf ll.@V 

fli8 rofi^ta of ^ %©UQ4ai^ l8f«i' IMoinoss luro 

w0p93tm%ly t'lm ymwm t}m Tmmlt9 of SaJtgliwajri 
Mmtimm CiW) M >©4«i8 «f tlio irii«*»«l.ft84lo f2.iil4 



.also iifftrt-iit la tvo eases aad. there Is ao a^riori 
reasem why this shaiild glee the s«se results* ioiievert 
to investigate ti'iig point further we study in this 
teetion the tiio^dineiisJUmal stagnatlen >joliit flow ©f the 
saat fluid* m tshe 

U= --4^'^) C4*5.1> 

so that follovliig the earlier isetiiodt stress tensor 

.-if 

©oaipoaiats upto the first power of p-/' are 

txx =■ ^ i j 

p [ 4 C44 ~ f 3J ^4*o*S5 

duhstituting this# in the equations of eotiun and 
eliminating the pressuroi the ootiditiQn of IntegraMlity 
ooees out ^ he t 

X -3 r ^ ]=° 

^ - C-«.h *35 

Mahini the substitutions in teres of non-dinensional 
variables and parameters s 

usUcj^ S = 

s 

- 


Jq -0 . 


44*d*45 



8 .? 


ani 

lh« aqmtlaig r«dttc« t© 

^ ^ S 4“' S 44 : — — A^44— + 4 '* ^ 3 ~ ° 

iffoieh is i;ti« »me as aq'uaticm (3.3) of MJestoi^Fi mni 
axospt that th® sigo of ^ has ehaag«4« 
howdaiy Oofiiliticiis ar® also th® saiie. fhtui io this ©as® 
tkm offsets of parmattf is mtmtlf th« sa^« as 

that of -X in tlie 4isoussioris of iiajeshvatl md Mthnm 

\ 

«lfi SF®! therefor®, i^ot surprised tiiat the effeots 
of X ar« io opposite direotion la x.h«t-m oodtls* 

Again th® dlsslpatlaoi fooetioo for our aod®! 
coots out to b« 


wfeere 






vMch is again •xaetl; ti»i s«i« at the corrospoodlni 
aacprtsslaii ohtalttodi t|r Ji^jeshirafi and lathaa iTM&) mmpt 
for the chingt of to® sign of A • 

fo i«t«iwl»e til® r®a®ous for this dlff®r<mo®y l®t 
txx , t>.y, and d®iiot® ^® <^atritutlotisof th® •laati® 



tfetra t® tilt Mdftl of th« fluid ut«d l»y iajctliifuil «ctd 
Batisaa (19^) mM t ibid tlMi eorroipoa- 

diag ooutriimfcioa* for aod®!, tl)«u m flud tii*t 



txx 

= 


^n- 

- KX. 

%d 

t" 

A'’ 

\ 

II 


fh« ooatpibttfcioo of ttitin terms to tto# iatagrability 
«*t|ustloo of our aodsl irs 



3^ 


It 

I tx. 




d2<. 




vhloti rsdiioef to 


C 4 *o« 8 ) 


^ r _3- t 

L 3 x 









( 4 m 6 >» 9 ) 


md this is aegative of ttis eorrespoiiciing ooatrilsititii of 
ttm aodol used by ilmj«sbw<iri md Msthna (I9i®)ii Idoilarly 
tkm ecmtribtttiom by tJ^9 slmstie t@r» to tm dissipative 
fimotlaa are sasily s«sa to Imi of SNirnal aa^aitiait but of 
epposito si in* 

liota acNiols ts^fo ^ dajesluniiri aad ' Msttsaa <19#^!) 
Slid our mdmX C«4ioa m osgioot Mgaor pouors of } are 



appfoxlaatltaa of tbt aor« gea«ril 

mtyA m find tfeat thoy agrto tbl* oardor of app3foadLa«ti<» 
®xc«pt tof tht eliaag® of tigj ©f tiio param«t*r usod.* fho 

agroiKiotit is oKsog fof tho %ipo"*di»«nsioitial oat# oq<I is ssjy 

good Tqt tile ax i s ll y* iyae et yi o osie* 



8 




OW Q s' .\ 'ik 'V k»]k iJ iiii I! -% feftil £ Mi 

idUy^ .iii'y 111 iik 4^Mli]bU4 mtlA MiD ml UtiuUi aiiCUlQii 

idimmiiiJLidi 

Itk %M.b yimpi»«r ym eonsi<t«r a Qtrtaiii of visoo* 
alaitic liquid vhoso ooattitutive oquiiUoi:* is a modifioatlcm 
of ttm aMi'ayd*^ sqmttm Mid ia dioiotad aa 

^ A ivj = :ih <0.1. 1) 

wlaajrt h^j I* tMm aferass taosot, -^rj ths atrala-rat# 
t«aao7| tvj id df straas taasoir and i« aqual to 

taa ajipv«itl.oii 


<0.1.3) 



where mm the irtleclty eoapoiients, A ii rtlaxat ion 

titne ajod is m seslar eoorspoiKling to cl&s 

viscosity oocfficittot. the flow of such a iflttii in m 
annulus iHitifcsn eoasittl' circular cyliiulsrs md fcstvscn ti^ 
parsllsl plant feountiariss has teen consMtrtd lay ftitta Cl®^)* 
Mt assiiitd tliat tiit fluid is Injtciadi at out botiiidary luid 
uithilraiiipi at tlw otOtr both at th« saat rate* tie furttair 
as?uied one of tbs boundaries to be moving wltb a constant 
velocity parallel to the axis* Be also neglected the squares 
and hi-iher pouers of the relaaatitm ti^ paraaeter* 

lie have foiaid it possible to obtain solutlmis for 
all Viliits of tli« relaxation titse parameter A provided the 
velocity of suction and inlcction is s:&all« we have also 
fotyod the soluticms for the case the velocity of suction 
and injection has any value but tlie relaxation tiae parsuseter 
is snail* second case has also been cc^sldered 

0atta but his equation (10) does not include t&e 

second oi4er derivative* '4e have obtain^ a series solution 
for this case* 

‘flto have derived a nvn^ber of properties of the flows 
trm our Mjlutions* Further | tables imve been prepared to 
illustrate the results quantltmtivtly. 
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PMf Olife 

f>.s iAiiic lua ,aAi^iiw dai.yn,g4< 

m uiioos# tim f«Gta!igulir Oartesiiui ooordiamt:** 
x*apcii ik>i3ig &)r»Q upp9r plat« wMoh is fixed and ]r*axis 
perpendieuiar to tb# plates directed into tbe liquid* .fNi 
flnir is sssitted to be In the x-dlrectlon due to tbe taoticn 
of the loner plate lead the liquid is Injected at the loimr 
plate .‘tnd wltMraiffi at the t^per plate (or It eay be 
injeeted at tfae upper plate aiid id^thdrawa at the lower 
plate)* fiien if we ass'ume the flow to be steady and fully 
developed and th-e velocity eouponejits to be the fmotlons 
of y alone I we have i 

U ^ .r (0.1.1) 

flwt boundary otmditlws are 


U = o 

at 


O 

■= VJ 

at 


4. 

_ _v 

at 

> - 

O 

^ -V 

at 




together 'wltb tbe eqiuitiiai of ctxatliiuity 


(o.t.S) 



^ - -V every 

ih® ®iii*®s8 relatlcMris ar® t 


?t« 3) 


t 'X'x: 



r ^ atxx_ 

" ^ 11: ■*^>3- 1 

=: 0 



A 

r - 0 - 

'- <^3- 

1 

=• 0 (§,2#4) 


4- 



1 1 



ItMs ©tiuetloiig of give i 

o ^ 


o 


^ a 


(a« 3««») 


y.i«iaafciiig ttm lecond aiid jJ-ie third «» 4 iiation® of 

Co«t«4) w« get 



_ 'i5^A 


aVi \ 
) 


4 . 



( o# SfiO) 


fhii is different ttm jMt&es* equatloi no* (18) and it does 
not reduoe to hi® ©qwitiun by neileotloi • 

f|*o® the fir ft of the eqiiatie>iii (i»«^.h) on iiiteir®** 
ting ®M applying the boiiod&.ry eoaditloii , ee get i 








_ ^ u. V -V- D 


(§• 2 . 7 ) 



s? 

T) i« tli® eoantmt of 

liiiiliittlRg froQ and (w,^5#65 m get 

0 

a stcaiid order differential equmtijn vtUoh c?^ at once be 
integrated sinet it does not conteia > eXfillcitlf. .Alter- 
natively solving the seoonii equation of (^*'^•3) m get 

I Vav 

^ A Co«a»s) 

Mtmm A is a ecHastant. 

obtain solutions for two extreme oases vis 
idien ^ is Very wall or vhen V i# very saali. Iriis 
we praoeed to do in the succeeding secticais. 

0.3 dihl^d mg VILOaflea Qi ^C£lu>. AMQ 

. iu3mmh «D aid ,ai. dio^AAiawa tm^. 

Assuelng the series solution for (o.9.$) in the 

for® 1 

M 

a = 2l ^ 

aloijg with , Ch.3»l) 

M 

D = S I- 

tu-po 

and substituting Co.t.7) and (0.3*1) in (O.t.#) ws get the 
first few ter®s of the differential equati<.m as s 
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- p'' ( 


tc. 


4 - V U, - 4 - V^u 


’L 




v'^U^ 4- v'^U5+. ) + (^E>6 4- VI>, 4 


•V* 



f ^^0 4 - V 4 V^'^'^'J- 
L 


3 '-»j 


4 . c3M(., 


s 

V 


3 U<r 




^ I v -t + +V'’#s'v 

L 3 v 1 3^1 


[_ pv (Uo 4- W, V -V- v\^ 4 . v\3 4 .v‘'( 4 i^+.) 4 ( Do -vVD, 4 -VXi^ 4 V^D- 


4 - 4 '^'‘D- 5 +.. )] = ^ [ ^°+V^' 

'J '-‘Sy- 

(tfOllA9%ifig ti»» ■feeFas indap^zidfirife of v i#®. 
of UQ suet lorn or injootioo tit havo 


for tho oas® 


auo ^ Do-t 

'~W 


urter* 






Iot*gfatliag tiMs •quafeicsa md applying tha boiaadary ©oiidlti- 
o iit s 


m ^ — O ‘^- — A 


C^* 3 » 4 ) 


at 


o 


^ ^ o 
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we get 




fMs ftswit ftgrees with thm result obtAined bf Oatta 
for the case of no suctlaii or in4#ctian, 

^len tiie squares afid l^^ber powers of v are negle* 
oted, ttm coefficieoifes of v froa glee the linear 

differential eqiiation 


pu-L 




Integratini this eqaation and applying the hointdary eocidit* 

i QXi e I 


we get 


u, = o 


Ch.3.7) 


^ u-j) 





9? 


m from tbla tquaticii thit u., i* alwiya 

positive mi ty««trie la between tiui plates, md bas the 
saxiaaa value at = V2 i.e, midway between the plates. 

Again <K>ll«oting the ooefficieats of , we one# 
again obtain a linear differential e«iiiatic» for Urj_ as 1 


do 3 




pAo _ UpV 

yU. Si ^ 




Co.3.9) 


Again integriticig this equation under the boundary oonditi«as 


U ^ - o at 



we get I 


31 o at 


C 0*3* 10) 


TT = (6.3.U) 

W lx P 

and ^ 

-iv 

Aquation Cb.3.11) shows that '^ 1 . is always positive in t^e 
upper half region wMlt it is negative in the lower half of 
the region* 

Similarly ttm differential equaticzi for U 3 obtained 
by eolleetini the eoeffioients of is 


3 

■a“^ ■ ■ ” > ^ ^ 


(b«3*ia) 
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fii« iwttgral of mdor thm bound *^rj condlitlcai vi** 


U 3 ^ o 


I = 


i 


giirci 


U 3 . 

u 


at 


^ = o 


f'^^A 


u^-v 


f-u^ 

2 q 


[ia-»j'' 


< 0 , 3 . 13 } 




aiid D 3 


o 


'l^ug is always positivs if a a«w paraaotsr k 
sueii timt 


is 


K < AS 


(0.3. lii} 


again &« aosfficimts of give tn« liasa? 
diffarantial aquation for .Ui, as 


c3Utf 


DmA 


UpV r 

L 




• 2 l 


11 r ^ V 





(0.3.18} 


wOiob on intairatiof. undar tOs usual boundary oonditiona 


at 

3 ^ ^ 


C^. 3 .l 7 ) 


=- o at 
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gifts 


U 




FX 


|ao 






-\- . 




4 pj '' 


( 6 . 3 . la) 


myd 3 ) 


M = 


VJ P -t, A 


7A0 ^<3 


'Ibo eoeffleimts of v glvoi tlm followini 4ifftr» 
rtntiftl «<|uatioii for Us ai 


2 ms 


I)s-'-£v 




( 0 . 3 . 19 ) 


aij4. tMs 06 lAtogralfciQii im4«7 t6« usoal bowidir:^ oociilitlo6s 


jp =.0 



^ O at i ^ 


( 6 . 3 . 30 } 


gi¥i>t 



Ui- 

'u 


pV 




oui 2- (’-3, -^3 + 1) 


auad 


t). 


So 




‘s ^ 


Ci-S-) C^.3.21) 


la this th« vaiaei of .. ~ eta# say b« 

obtaiaa^t to any dogired sjctant but ths alga bra baocmas iiulta 
haavy as wa prooand further. 

fiais the ytloelty profile bt*c<*ie8 i 


u, 

u 


VR 


1 + V (i-n) 


whore 






716^^ “M^-O C:^i-a-V+0 'l-v?^VA- 


5vi^ 


-^V'-vv- 1--^ Ch.3.aa) 


3U 






h/P 


R 




5*4 munuM ruii ^4 -^l bu^ m. ¥^a»i4 

y# Uh. ¥iXoafs yif- auaii.j*^ Mii? i*w&cii'j« 

fh* r«syXts (6«3«8) to 9 r^w tfc«t 

*r« ail fiaaeticmi of A In the forn i 

^ ^ 4-{l) C6-4.1) 

£s Verify the results we ehoose tliis value of 
along with 

1) •=. 1*0 -t- 3) ■+ $5«4«3) 

and subs ti tut ihg those values la (^•^• 6 ) iual then the value 
of thus ohtaihed in (O.a.o) we get 

^ (_— -V1)q^ 4- -A (_— pVfit* +-l5|) (— P V V- + Dj ) J X 

^ -t.f ' - 4 - A C-^4' + vf "3 -^. a"" V 4 ") ] 4 . 

Ip V (^ > t -+ T ^ ) 

=. H [f'^4 aA -f' 4^' + ] (6*4,3) 

aollsotihi the tt^res ihd^ep^imdeot of A we get the diltereBr 
tial eqiiatioa for -^( 3 -) «• 


f + R ^ 


M 

h 


( 6 . 4 . 4 ) 



wto«rt R = aai prime 5i«iKJt«s diff«reiitlafei^aa wltii 

r«spfict tQ m 

grating •quation aad applying tiMi bow- 

dary <i«^itioat t 


w» g«l 


f - 


at 




- u 


11% 


Ir - 


(d.4.&) 


and 


1 


1 - € 




l~JZ^ 

-A( 


CS.4.i) 


aapansion of tM» axprasiitai for in 

powara of R ncniei out to bt 


= 2r + I >Ci-s) + 

- -1;^ + (4.4.7) 

tm diffarantial aquation for la obtainad 


by enUaalins tlia of a f ubleii again oc»aa 

out to la tba linaar diffarantial aquation 





■5 


th6 aoilitlon of this sqiiaticwa uoisr ttas b«»indl%f^ 


o at 


is fomd to to 


- at 


^ -C> 


and 


o 


vrV^ 








R'^ ViY 


4r (1- 






t^aiiliktly ooXlaotlog tha eoeffiQit»iits of X iw 
liae^ir diffarentiai aquation for M^CV) as i 


R W-O') 




C6.4.8) 

oonditicms 

^6<i4a9 5 

o 

( Oa4« 30 } 

gat a 


and its soXutlQn uadar tha usual Itouiidmrjr oonditlons is 
fotHVI to hi 









C§, 4 .ia) 


and ^' 2 - 




5.S ai^icuikatfeii of m 

fht #cimticm (t^#4*l) em am b# wltttii tt i 


u 






r 11 ^ n \ i 

^ ^(.-e. - 1 ) -^ -+ -e — 




7 


R^ 



4- C6*5,1) 

wli«r« A = 

'X 

Wa iiav# ta%»ya.at«d tilt valuts of ,^i) , <^1^,) M-Ci) in 

thm wh&l* tmgixm imtmm tto platts aad oltstfire that if R.-o 
tht vtlaeitf it tht ttdit at ftv tht tiattie tod inwlatlit 
ii«itti4a Cii) f&f A = ^ ^ ••• tatittiiig 



4 



v«Xoeity pfofil# bteomes aor® l^ging forimrd for th« ▼aluitf 
of R Ti' S due to th« si^arpositioii of thi t«f«g <4 CV) 
afid M' ("^ ) * fOr loor«asiog ^ tim primary aoioeity 

fi#l<i attains fibs vsi^olty of tbs nppar aoviag plat# 

fflor# rapidly tUm for aaalltr R . fl^« ccaitributioa dy# 
to go#s on inoraasing with tha Inoraas# In R iait 

for ralnas of R, > M tMs oontriUi&ion starts d#«r#asinf. 
Slailarly ztm oontrifentioa of '-h(^) term imrmmaee till 
R - M but starts <i«or*aslag i^ten R attains largsr 


ralutts ttiwa 4« 




tmlskkm &m% i »QR«Niljniitim«l viljoeiliy ft«14 ^ 

for iQolattlo Ci*«* = o ) 

fer intrioot ralm** of rnymiMm wmlmw ^ • 


0;:i<Wi«:»n:;:.,: 

:,#*lllWll#lrt“*lt’, 

„ .;ijr. i , :..jijO' riwwcKBif w ,iri(t:w^ ,r:: m :: ; 

*& % 

ik.- :,iti 

: tir wjnrw r 

S 

.::i»twii„:i* rtf ■K.T;vrr:iri«i,r%r' •!«:« 

4 

m : Wfi-. i: :3 t-: 

irOi:fir«i«»;x:wviMxy., 

i 

m 


rnQsmm 

»mm 


.wm 

3*3. 

•%mm 

*%jmm 


•3344S 

m§mm 

o«s 

»mm 

•SiNI€?ll 

Mim 
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jfmm 

QS 

*m&x 

m4ym 
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•fiiM 

m9mm 

0«^ 

»4§0Q9 
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^nim 

.mte 

.mm 

0«« 
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,tmm 
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*mm» 

.9mm 
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1*® 

x*mm 

ummm 

lm0W& 

i.9me 
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fata# t ffea ma^w^9tU9& ©f mmttleimt 

(i»©. / u ) 9y«g!> tli« WalOCdLtjr fi©l€ 

glir«© !l^ /u far va7i©iis Yalnta ©f 

a»l%i©lds R wig A r ^ r - A 


R 




i«d 
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4«# 


8*® 


^ \ j*iiw mm 
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filial# I ftm ©f «©«fflei«©t «f ^ 

Ci.#» 4^C'?r’)/u ) ©Yir tim ««iMia«a wloei^ 
fi*l4 giviB Igr [J^iTry +A<H-s^'^ / u ^ 
v#l#fis of Sofaoldto wwi^t R ml 




^ *# - 1*@ t*® 4,® §•$ 
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ItOtf IM AM AMMULilS 

m choot® %hm ^ll»arleal polar eoordi»at€f (A, ©,z) 
Mil z -*xi* aicag thm axi® of %km cyiiodor. la Ah« 
at®«dy atat« of to® liquid flow ta« volooity pali t«ra it givta 
by 

If m ooasidtr tiM flow at a aafficient dlitaoo® frcn the 
#iid so that M , '\> aod oo «ay b« feakao to b« iad«p*ad«at 
of t: mad thta thm strossp straia-rate •qumtions beomt 

+ Tv -iH ■ 

t !!,■» -V A ^ (r^,-j ^ (A 1^ 

(6.6.S) 

t A \;.v> ?tj-_>.|i ] = o 

to. -V 1 =ahi 

— ^©-z. — o 


fii« t^aiiyioa of eoatiaitity it 



flm %t iBcwiiitiisi is 


f 




au 


'3 a 


X 

> 


b 


h 2- 


fhe botaatla?; auditions ar« 


C6.6.4) 


a?- \Xcv. 


st A-- Q. 


C4.6»i) 


; at 

o 

whtrs a sod b trt uis radii of oiit«r aii4 iimsr eyiiadtra 
r«sp«etively* 

Xiii in^itr eyiindsr is soslriii parti i«l to it;s ovo 
axis vitii vsioeity U suol^ t^t 


u o at A- = a 




/j- = b 


(^4.7 ) 


ffae squatiott of coatimilty on iotsgratloa glvss 


a'^a/ _ ^ 

A ^ 


riJS squat i<Mi c®*«#4) o» iotsiraticw gives 


C&.6.S} 



CS.6.9) 


lOi^ 




h-z. 


pa 

A 


. U 


-V 


A 


wilin’# D i# fch# ®oiiitian% of 

Hlaiaalirig from t'm first and ««ooad oquaticm 

of (6.6*8), w« g#t 


3A ‘-A 3;iJ- ^ A 


4- 




■' J vc/i,/ (6.6.10) 

Sutstltutlag tiit vada# of fro® (6.6.9) ia (6.6.10), 

w# got th« dlfforontial oquatloo la ttm fom 


r , , J) .aAa'^'i^^au 


f u + 

A L h 


S!X. \~ )x ' ^ 'a'- 3 a 


u -4- - 


3%U c A? U 4- 1 _ u /^ 1 

- L s ^ ^ )A -* - "V^aI 


(6.6.11) 

'l^auifoioiSag tlds Into non«>di®eiitiaiial for® hf •ubttitutitmg 


a' 

u 

4 

A' 

a 

J)' 

^ p ■ 

« 

f 

A 

I 

r 

- J-.. 

pQ 


1 

V 

u 


(6.6* If) 





10 ? 


W 9 get 


r 

JT L 




, a>' du' 1 
-^r -^-ji- TT j 


-X 


I 


g)^a ^ / ii.^ 






IMs difftfwitimX equation Is naa*Xiiii%r md of ths s«@oiid 
ords? and th« ooai.plist« saalytieaX soiu&iQn is not possiln** 
M %immfOT9t |)roes«d to sol^ hy tdis ssrlos isstliod 

as btfore* 


o,? jiiiAid dQiU^Xo« Hitt m&l ttiiAJi.AfX4.tt n;4tt BOf ?yii Ah 
iiihociam OF ttUUflutt ma Xttjttciiatt 

itt tts atsyat til# soXutlcm of (a.6«l3) of tlis for* 


u 


-V > M-(-S) (0,7.1) 


,x. 


togsthsp with Ji' ^ lij ^ ^ c 


Collseting th« terms liulepflsidmt of >' from (d«il<.l3) 
after suhstltutloi (h«7,i} for tfsi inslastle easoi we get 


X. 1 _ - b/ JB. 

^ ^ ^ -f -i 


( 0,7 ,8 ) 


the eelmtioo of this equeticn lesier the \»vmimxTf eonditloos 






lOQ 


4 ^0 

st -f - i 

C^. 7.35 


/ 

= ^ 

-i - a- 

a. 


iL M 


* 



<s(.i) 

= u' J^-'). 

Co-^ ( ) 

C6.7.4) 

md 


u' 

Ccr’^-i) 


eolltetias 

1 

i«lis eosffleiKi&s of X tw€M 

tbt 

ttqumtioQ (dttO»13) %tm 

diffsr«ati&l sqiiscioo for 4 

is 

fQmid tQ Ini 

of th® fow 


Bd^ 

a-f 

_ ^ cis 

-1 ■ 

) 1 E. 

n ^ R CU^) -f 

c7!iir-S^ 

Co.?. 3) 

wbosft lattifftl txid«r 

tilt tioisidtrf oQUditiocis 



X O 

st -S ~ i 

CS-7.S) 


- D 

at -5 = cr 


Is 




_4 

U' 

RC^l+v) 

9.Ccr-lP 

P 0 R-i 0 

[-‘f . 0 -^ -V- -f - 1 - O-^-cr 


md ^ ' = 

/ ^ Sl-’i- R 

kj r r ~ ~\ 

2 [cr -0 L <r^- l J 

(S.7.7) 



10 

AgaiR eolltctiiig tfia catfficiaats of X from 

amp smbatlfeiitijag from (6.7. i)| the diiffarajitial aquatlcii 

fop tl- Is fo«n<l to b« of tilt fow i 


-T* - -i' 


I 


B{R-^)(R+'^) ( i-0- )'i 


U-s 




( 6 , 7 ,S 3 


wlmipt 




2 L(crLi ) ^ 


1130 solutioia of wi^iieli uoiiop %tm booiKdary oooditlocis i 


'4- =. o 


Cl 


at 


at 


- 1-1 


■1 - cr 


C6.7.i) 


la Jl 


R (Rv*t) ^ 
SCo-Il) ^ ' 


[ (R-yCo--l) 


X 




i^ 7 ^m 



1 

I 



ajoi 

I ' 1 

^^, vr r^ I Cl<-^)C<r-i) Co- - O' ) 

a (.O' ~ 1 3 ^ 

-v StR (^a - L) (^cr - or^) J 

^•8 siiiias doi.yriuii m» iiiii. Mmiciiua QtT £»yynu^ mo 

iMJbctiQH Mjf »a M.L tmMJLkam am 

M« »tSWI« th« SOiMtlW of of tfat fOf« 

«<* C 4 . 8 . 1 ) 

5 ) ^ o -V 'O^a ^ -K- '\ 5 C; a • • ' • 
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CHAPHia HI 


arHmiil FLOW fiilQOCiH aUaViJJ AiMtiiys 

?*i lifimoycHoa 

prol)l«ffi of $|}« flow of fliiiao ia o oiif¥«<l obamoi io 
of groat importaacoi hotk fftm tfea Mologliti mk& •ngliioors 
point of ¥iow» m liawo alraoa; givan in aaetion 1*7 a triof 
aoooiut of ali tbo invasligatlona on flow la oar¥«4 oltaaaols* 

In tho p?iia«at oltapttrt tf* shill oxt«i<l tkm foaalta of iloan 
} for a ouirvid pip* to tim easo of a oaritod asituliis* la 
soot ion ?«ai wa sitell <l€o«a’itt tlio gooaatfloal protloa. la 
•aotioa 7«3 wt sMl givo tho aalhsaatioal. foraalatlM of tim 
tm»m la tbi a«*t tlarat aaotloai 7*4 • 7*# m otell ottaia 
•xprasoioat for oj' miA l>' iMoli iotaialao tbs aoooaia*. 
ry floM* Xa aaation 7*7 mifS m shtll givo cba oaproaaioa 
for tbo alr*ia»«®si|M»iM»ts* la tfei .wmi* ' lArto owitloaa 











13 ? 


(7,9 * 7*11) wi flv« t amtfioaX •zaKpla aa<l tor this ^rmplo 
wo obtaia %ho pro5««%ioa of gti^^ liaei oa tho mrmX motim 
oaA tin© flow 11 B« oa tile e«atf«l pleoe, la tlie last aeetioa 
we »1»11 fee giwiag the effect of ra41i ratio cr the weloeity 
field* 

7,t iimmtm of mi pmm.m 

our (^iilua it the regloQ feetiewia two co-aaial plpet 
of eiroular erott^aectioat. Hie radlaa of the oti^r pipe la 
mad that of the iaacr pipe ia b . the liae of eeatrea 
of the aoaiilar croag*aectio.a« ia eoileil ia a elr^e with 
©eatre 0 aad radiiia / . Ihia liae is called the ©eatral 
line* '£he ooordiaale asrateai aaed ia that adapted Of 9eaa 
C19S7) ia diacuaaiai the earved pipe flow proldea «ad ia 
repreieated ia figure (7,i), 0-C> ia m aide through o i^d 
perpeadlieular to the plaae (called the ©eatral plaae) oi the 
eeatraX lint of the aimuluay C ia die ©eatre of the aarmlar 
©roaa*»ae©tiofi Of a plaae paasiag trough Ov aidciag aa eagle 
e with a fixed plaae (e^ ■= o ) through OV . Oc ia perp^di* 
eular to O'^ aad ia of leogdsi i , mf poiat ? * of the 

aaaular croaa^aeetioa ^ ■ eoaat-eat ia referred to fey the 
orthogonal ewwiliaear ^rdlaatea , 4 aiwS , idwre ^ 
ia the iistaaoe c? mM 4 ia the euagle a«le by cP with 
the liae through c parall^ -t® liae el<wwat ia 

thea giuea Of 
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In ti» 6tirir«4 {»ip«t| timm #aa®tt & ••'fioiMi&f? flow 
(Bar'Ha <19i4) kM otkort), Hi* si^iio idll itlto «Kis% in tiMi 
OWWOd }JOOWI2&0 fllf fitii4 piiftiolo* ntfkf OiMtrol 

portloa of tim fl^w yogioa Kbieh Mavo a kiglior volool^i mm 
■aetod *^011 by • lapfor osotrifugal fora* taMm thm alow*? 
partloltts Uttar tli« walla* Ibla l«a4i tso thm waarganot of a 
aacofKiary Hm wblob is diraetad oot*iHif4s (i.a* away froa 
tha oamtra of ounratura) aaar tbe iiasi.«iia laloeity ragiom 
aa4 oaar thm iaaar pipa wall mA is <tipaafea4 iawaria Cl -a* 
towards tl» oaatra of awvatura) oaar tha owtar ayliodar wall, 
io in ilia light of tha atova p^sieal faotSf rasultaat 
flow should la thraa diaansloiial, la tha aasa of ragular 
flow (l,a« laaiaaf flow)| tha flow fiald will t»a syaisatrioal 
about tha aautral plaaa (!•«« tha plana wlioaa ooraal la o9 
and aiilah passas through Oc ^ 

Ml proaaad to dlsouss iha ttaady mA fully dawalopad 
aotioo so yaat tha valoolty soaponaata la tha aoordimta 
diraotioua A , <s- ,4 may ha writtaa as ^ , v( 

and \N c A, 4 ) • all ladapaudaut of © * rata-of»atraia 
tansor has than tha pl^aical aaapoiiaata 
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C^ iS 

_ '0 'Swv ai V dag 



€ fiL 

= _L ( _L Wcjcs^ \ 

■>- V K ■ a 4, ' ) 



■^(S-TU 

=. X f ^ _ Wfw. ip \ 

( 7 . 3 . 1 ) 





Wm 

tli« «iim£ic»i Qf t&v l«niiiar« InmmpvtMlWLMf 

Mevt&aim 

f!l«34 I 





= - P5vi -h 51^ evi 

C?*3,a) 

%M stf«s» mma&w \^j 

luit tiPtt plQrsi««l oMp^wnfit i 



^n-d. = - 

- f 



t = - 

-9 



= - 

^ U QaA -v-V \ 

p Uaju^. •) 



t(^(9 = 

/ 1 avg __ Vvrctoscj? \ 

1 ) 



\:<^h — 

/ ^w, w£tiX4 \ 

V g^JrX 9i^<^ i 



= 

r l a / ^ V + 




H«r® tvj aad -evj ftp® III® «ir«ta «Bii r®t®«Qf-®ir®iA 
? i» ®o iiB4®l«paiiit® isalfopi® pr«ag®pc, Svj is 
*Jas Kpoiieeicap Isnsor msd p- i® tli® eiwffieiiol of tisiKiiilf* 

MS sssi»® tbat lb® niii4 ppop®ptit» *« p^iioslly 
qiiMliliss srad lb® Hiiid soli^a 1® s fop®®4 solios* 

In sbsfisift® of th« bodf foi*®®t| tli® squaiioot of linssr 
n»»®oltm sr® t 


„ ' 1 ) ao . V c3u V4 \ 

^ ^ X- 24 j 


" a/^ ^ ‘ >v ' ' 


X ^ CW- ^6)©^ Su*,^^ 


jl-vh- Cua^‘ 


f . o . 
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1 

^Cu^5p 


3^1$. Tu 


Cf#3p4J 


p (.^ 






V. <av 
JL X? 


^ 3;l “^V C+^&u^9 J ^ 


2) ^ 


( — P®« ) '^4 


1 


3 

■ <?&■ 








UWCiOi \ 


3t(9A. 

_ . 


r-i 4-^'^- u 
+P X. C+vc.,-* J^fi 


j_ 3t<?e 
n. "”a 4 ' 


gg'^ _ ^ . 1. ^ 





I3n 


fim of mrnimitf is 




H. 
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•V 


J_ 

^ *5^ 


^ U -v ^ 4 


=. c 




It urn aniiiilM# v«r« strsigut V)l mvM md C7*3*3) 

to C7«3*?) ifoold &« satiifitd by tlw sxprsssioas • 


Vs/ = 




t i - (^y ^ 


d--cr 



'] 


and P =. _ Arz. -V- ^ 


C?.3«S) 


togstiMn- tfitb 5 . 

Vft ftsaonof for tbs piitposo of aatbmtioa soaXysiti tlist 
tbo mimlm is sXiibtly «)£r««d| ttet is ^ sod srs 

^sll (luaotitiss of tbs first ordsr* fOlloitiiic Ossa ilM} 
vs writs 


Dr U ^ V - 


Vsf r Csi ^ 4 - ^ 




P = 1> j -V 




wbsrs u ^ ^ sod 1^ art rsftrrsdi to ssi^jalsfy flow mi 

srs tsMsia to bs s»sii of tbs ©rdsr of x ^ s 

sod srs iodspsadsat of sad srs tiMi islosilqr 

sad tbs proisiirs tsi«s for tl» (^rsspiMsdiai probloa for 
strsigbt simoias* do know tbst i 


/ 



1 






s or o«iot \ tH. «|ii*ti« of ooiiiliiiiity 


iy. -u ii ^ L 

^ f)- A h 2> ^ 


=:- O 


O'. 3.11) 


this iug^Oitc tho %%tmm fmotios of Uio fox* t 

iubotitutiot (7.3.3)| <?«3.i6) aoi (7*3«3) la tMm «|itAti43cio 
of «otioa <7«3*4) to (7»3«3) aii4 oogloolloi tfeo ■••11 tow* 
luatl iloplifjrlttf to • emm&imt fow •• flai steat C7*3*€) to 
C7»3*#) reOmoo to t 


- ( 1 --f’- _ A -! 

g ( r 3<^ r \ 

■+ V h ^ 


{ i - 


{7*3«].4) 
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Ik 

' \ :>Ky- 


LJ^ 1 ( 3 ^ I 

^ >r ^ ^ ' ’ 


h- o > 2 . Jj,*^ 


e 3 ^t^ \ 
) 


(f«3«24l) 


iiti«r« 


5 ■= ^/ a 


A 


t-cr ' 
jUa- 


cr = 


. i. 


-Z, - At 5 t 


C 7 * 3 .ld} 


Siaet mA a.tm iiidifiiiiaent of © | •Ui^ocit 

tii&l m <t»n tilco I 


ft 


X 


- 0 


Cf. 3 .if) 


fit* pteytioftS. pioliir* of pfobi^Ni tod oiioaUQiio C7*3*l3)| 
(7*3*2,4) aii4 C7«3«1.3) fUigost l^at , <^ mM f> i4ioal4 
b« of tlio fo»a« 


ii »4 


4^ 

_ ^ 

'c-^) 

CLcsSd| 

’^hf 



00 


w' f'^) 






f 

/W" 

&'( > 

^ 1*4 4 * 





C 7 « 3 *li} 



j ^ {i Aft fii&iitiofit of oaly* 

gmbsti ‘toting foF if- ^ to tug |> in igiqig of tli« 4i«totioalos« 
tmeUm* r’ , w' .ai j>' ia C7*3.13) to (7.3,1ft), tlio 
foUoiriiig oiiiiatioai «r« oMaiato 


- R 


/X 

(7.3.I9) 

_ R 

c 1-f^-A Xi.t: ) = -l! * 

-f 

• 

C7.3.i©) 

_ R 


= Aw' 

C7.3.tl) 

wlioro 

R Is tlM BtyiioXgs glir^a by 



4^3, 


(7.3* It) 


Is ttio opsfstosf dsfiasd ly 




A ~ -4- -i- A. _ 

-f 

X 

_fV 

(7.3.10) 

illalnatiag totwoon (7.3. 2i) »w& 

(?«3,SD) US got 





(7«3«t4) 



7,4 mu 

C7#3,S4) issfi im inpil64#a &t t 

^ ^ C^^’J j 1 - SiR (.s-A)-i - ^K. 1^ 

+ i.- ( 7 . 4 . 1 ) 

lattgratlag (7,4, 1) m oblftia 

- G + C RA + 4_ RA*^) -SiM-s _ 1 

_ -L RaM ^ 2 C7,4,t) 

- “ + C - t R) + Clfc e-^ra--||^ RA'^):S^ 

^ lit ^ “ zk ^ 

4 . C-g RA ^ ^ ^ F i Aut 

- RA*^ |7*4,S| 

Mf f««iiti*4lai ttt* 0# |t#4«»> «• ®fcl«la 







— C 4^ "M ) i + Cfi R.>'^ ^ 

” ^gS ~ iS f + 3^ 

-V -L F Xk-5 _ ^ 

C7.4.4) 


H«r« ^ <3 aM 1^ *?« oosatinss of li^tgrttioiu 

In ordnr to dotoimio* ili«»« tome ocmstaata v« mo t^o folloir* 
lug lioiiidiirsr ooiiditioitt i 

Of ^ C7**.S) 

' “ •* -^ > O' «’•«•«> 

M '+-(1) =c $im 

Stt -d'f +1^=6 +3.3LH :::! 4| — C**F) 

tto iNiiBiioff ooniitiOB ■: - o 

'■^1 ’ 


^^(■f ) 




fho Itonndoff &tm4itii 





R ;^L 


^ C«»f>C 7 . 4 . 8 > 


fh« boiiadary eoaditioii w-(cr) =Ci giv*t 
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-F 1 4 cr^ ■lug- -Scr^^F + U^"S -F V\ 
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— 0 ”^ — 


-V- ^Q“ (^ItvO") ^ F. ^ 


-F ^ Scr^ - -i <t\ .|. cr^Au.( 3 - _ 4 ,cr'^jLucr] RA 


(3 cr^- cT^ ) R 


- L., 


(sAy} Ifm4m9} 


Itnd %b« bomdary st^ditiaci 


dtf^' I 

'S=d- 


giirtt 


60 -^ E 


-V- C_8 <3'”^-v \c=<r'A**o-^F + l4cr(S~'2'^^ 


- ^ + 4cr'^CAucr3'^ \ R> 


+ ^ w <r ^ _ Hi < 3 -*® 


lo -^<^1 


^^4 (,«y) tf. 4 . 1 ©r 


iOlvilli M C?* 4 # 3 #l »*• 




E =. 

l[Sa- ( 1 - 0 - 2 .) I (_i^o--L) ^ Cl-<r^) ^ "j 

[^'" { C l-^^)-:i W] L, i-a-’-^^Ucr i-(l-<T^)V^'- 


+ 1 2?o-^W -Ci-cr^) ^ L 3 ^ ^ 20 -^W -l- Ci-<r ^4 Lh ] 


C7,4,13.| 


C l-<3'^J -V- C i-'- Zscr'^-) 1-3 -V cr^ ( l-o-'^) 


- cr^ ( S+o-'i-j Li j j 



L ^ Ci+c'^') -\- Cl-cr"^)^ J 

(7*4*113 

. G, 

Ml 

- f t 

Ia 

C7*4*133 

U 

E -V -t, 

■\- C '^) 

(7.4.143 

i®tf ittteAliliitiaf t®* WAlttif of 

E , F , G Alii H 

ff®i (7*4.113 


t® ia <7*4*33 a®® (7*4*43 «• M «®®i»I*«®ly 

•+■' Alii ^ Aoi feAB®* u *ai ^ AfMtwr vAiii® 

c{ 5 

®f fAlU.i fAti® cr * 



miumu Foi 

In ordif In enle^att uj' nv mwril* C7i,3«2l> la liM 
foXlnwlng fora s 




<7*6.15 


sutoslilttling tim ^alm of fna <7.4.3) la <7.6.1) mA 
ch«a iatogf&liag m got 
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^ G'W^ ^ 3cs7t >“’- 


- k\‘^ 


\ t sao 


f ^ R^A) 
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\ 3 oil 


1‘^i 


- C-ks^-^ "^3 


^ ^ i ) i i--! 
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+ JrSAM 
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I aod J mr« oonstml* of latogjfitloo* 
f& thoif em9tmt$ m mt« foilotiiiif immAmrf 


mnditkmtt i 


Ci ) - o 


(<t) ^ o 


(7»M) 


tt» bovmdikWf msditlm oo'(i) givoo 
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r =. ^ RA F - X > + 1 RU + i RA6 ) 


vC-3- -4- 
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.E+si-OVS-S-V) 


"3^ tol^ 


+ ( JAZ- r^a"" — !1_ R^A -4- RE) 


Zo7:l 




- C A ) + T.fr- R 


w^'a. 




\IS2-0 


H, 


(mfi ifmM} 


iifi4 tlio la©iio4»iff omM-tim ' tjo'co-) =o i^wg 


3 






^ RF - ,^ w E +3^ r''A+ 5^^ rV) 



Solviaf 


■V ( 11. _ J_ o- 


3oy^ Hi 


,L 12^_1- y A \ rr^ . A n"^ 


C UiTl ^ + 


<11.14 


R^a) 0- + -fi.- RV 

^ 11516 


"ll so. ■“ O' ^‘'‘3- 


1151 


— C "f R-P + ^ R^/\ j cr'^-^*3- 


4- C iA - R H - -i: R^ -V- lij RA F) cr^it,cr 


^ 1. Xw^ ^ R1\\^ (iw<r3 

V— \ V ^ 


,W 


^ i.^cr ) 


_ j_ RA Fcr^ [k<r)'^ 

5 

= Mi (say) C7,&.5> 

,6,4) and (?.S.S) Hi obtsia 

T = .( Ml - Hf] C7«6*6) 

C/-cr%3 



15 ^ 

^ (h.it'Lhi) a.6.7) 

fbtts calciilafclag ii» hav« fouad th« a 3 d. 1 l c<» 3 omKit 
of fche aecoffidary flow. 

7.6 soLyfiyw 10 a 

<1.3.30} 01 a l3e x^wittia as t 

-q ’ {7.6.1) 

Differttttiafcing both sldos of <7.4.2} with rsspact to -i 
aad then substituting the expression for ^ a J In 
<7.6.1) we find 

=,£4 UE + ^R/^+iR^’^h +C|E-iRA)-S^ 

- £ R-s* - ^ iki 4- CW -i -i £-S 

_L R>’-^(£-£3 4 Rt (7.fc*) 

7*7 gxpaM3iaM foa t&h, 

7he ftlotional force per ®ilt area of the ®tte3^^1 

boundary In the axial direction Is ilr«a bf 




t 




A.-a 




- - ^ 1^=“+^ - 7 * J (7.7.1) 

l-i 

and the frictional force per unit area of the inner homdarr 
la given by 


t 


6-h. 


.'i = b 


~tr P^'^F C7«7»S) 

• diO- 


olui 

Here la to be calculated fro® (7.5*2). 

7.8 mpuiumn 

Ihe frlctlcmal force per unit area of the outer 
aurface in the circuaferential direction is given by 


TL>’:z.Ox 


hiz^a. 


A«^ \pi 

'kl '■ 


L 

-i d(^ 


±L 1 C(ri4 

-i^ J 

■i-l 


{7*sa) 


and the frictional force per imit area of the inner aurfaee 
in the circiinfereatial direction ia giveB by 


^ r _ 1 4- cr«8*i) 

71 L c{^-^ -i j 

'S^c 


ft* 



mre ^ and are given by <7,4,3) and ( 7 . 4 . 4 ) r«»p- 

ecCively, also the vilu# of can be caleiaated 

dif ferentlablng (7.4*4) once vibh pespecb bo ~i . 

Subititiiting Vi =o in (7*8.1) end (7,8.S) 

we obtain 

1 

'*.-b 

that isi tbe case of straight aninilus. 


7.9 KUHEaiCiO. MAMPLI 

iik) far we have fomd the various flov parwaeters 
for arbitrary value of the ratio <r ^ • low we proeeed 

to discuss a particular case for vbSeb the radii*ratio it 
ttat l8» 

^ ^ Vi (7.9.1) 


so that 


k<r - tCVv) • - 0.6931 

(jLuo-)’" • .480388 (7.9.8) 

' ^ ^ 

» •1.08909d, A » l*l7093t A * - l.ti?oa7 ' 

L-i ••0.«>8#i7R, 

Lj_ « •39700iai R, 

L 3 • 0.1l4ii7 
L^ - 0.04i»4 j2., 




» i.oaosit - o.omm 


M 


« 0.206366 - 0.006700 

^ * 0.088437 - 2.i66048 

^ a 0.0<^800 - 0.000608 


(7.t.4) 


Using tlisse nwericaX valiiss w« obtsln 


R 


» 0.000368 ♦ 0.04^1 

♦ 0.008604 -4^ - 0.003473 -i 

”♦ 0.047606 “5 ♦ 0*03444 

• 0.C73163 


- 0.048367 :? ^ 

♦ 0.0^844 S 

(7.0.6) 


-L . 0.000268 ♦ 0.(370110 - 0.007108 ■s'^ 

• Cl 

-► 0.081566 • 0.034306 f ♦ 0.11872j8 -S (^:£J 

- 0.003378 + 0.034434 

• 0.310849 (7*9*6) 

<^’B) » (0.0628 - 0.000606 R’‘) 4 

•«'(0.030303 R^- 0.812800)^ ♦ (0.76-0.026864 R^) 

♦ 0.0C7126^^ r"”- 0.000046 rV -f 0.000067 

• 0.000930 • 0.WB04 R^ 

♦ 0.161890 R^-i^ ♦ (0.017834 R • 0.641048) 

• 0.000144 R" ♦ 0.006000 

<* ’ © .^JSWtO R^ j '♦ 0*0066,12 -S 


(ftO.f) 



I 

__ m -0.0^879 • 0«74a9S6 "t 4 1.486ti® ^ ^ 

•-o.sdassa -i 4 1.1^143 0^s) - 0.49443 -5 (-^^3 
-0.68S46& -^(^3*^4 -i { l-t%-1..088Q9S ) ‘^ C7.9.8) 

7.10 paojis-ciios 0? ffii 3Jafi*» Uiiiiji on a mmuL *1101101 

Dean lias drawi th# eurvss of iiitsi’ssotioa of 

the surfaoos ^ « oonstaot witb « oorasl seotim ^ memetmt 
for the flew of m ordinary vlsooiis liquid tbrougb a 
curvad pi|>« arid Jonas (1900) has done idiis for tha easa of 
mn.'-llawtonian liquids, la nov do this for cha prasant oasa* 
fha curaas hava tha polar aquation 

S'\Ai ~ k ) <7.10.1) 


whara (idiioh is indaptodaat of ) is givan hy 

(7.4«3), and K is an arbitrary eonstant. iiaoa k talas 
arbitrary nuMsrloal valutsi tha ralatSoa batifsan and 
axprassad by (7.10.1) dapaads asithar on ^ nor U • 
for tha oasa of a=l » (7.10.1) takas tha fom 

r 3. 

Sw*4 :i CT 0.000340/^ 4 0.04^71“? • 0.048^37 
4 0.OOfi8O4“i^ • O.O0M7E 4 0.WIS44 

4 0.047496 '^(fa) 4 0.08444 -S 


- 0.078188 J 

Wa shall msa <f ' «hlah is girsn by 


C?*lO*t) 






^ « 100000 0-' C7.10*3) 

Calculating the iraluee of ‘*'/R (iefimd (7«9»£l)) 
for various values of S in the cloi^d interval OmS ^ -i^l,0 
iiio found ■ that the fiuicticsi R attains its aaxintss valus 
noaril' at * 0«@0 (independentli of Bainolds nttuhey)# 

This means that C V/2 ) C - 1 ) = o tt i m 0^0. Thus 
at the points ( • 0.C®0, t^e veloclti component 

^ vanishes. Ihr every particular value of cr , there is 
therefore a Uniting surface v+- (tlui constant ■ 
depends on ^ ) which takes the de generate foiei of a single 
oircular streimiline in a plane parallel to the cimtral plane* 
The intersection of the streas line U' vltdi a noml 

8«ctlon ^ « constant is a point* She stream line 
is defined (j' idM» Vx. Sii»l tbs correspondini 

point of intersection with tl^ section ^ » constant Is shown 
in fig. (7.2) ^ , for all values of cr , eorrespoads 

to the annulus- walls, fhr ^e cass of <r ■=- ’/»l t ***• eurves 
of inter sec ticss of the surfaces ^rrespondlng to cr «t|3|4|&|l© 
oo ifith a normal section • constant are indicated 

in fig. (7.t). 

7.11 PLowtimis ffii GiariAi. phiMs 

line' differential eqi,®ation for die streiii line in the 

0 ^ 


central plane la 



whl^h can bt written at 



or 


o((P 

W 

C jl -v 4 4 ) \J 

( 4 = ± IT ) 

c{€ 

ot/u ” 

-hL. .J-.v 

4 ^' Sux 4 > ‘ L 



+ 4 > 1 

i^^AX J 



(^4= (f.lLit) 


ItC^untloii {'7»1]L«3) abowa ^at tto# atrean i in# la the ci^traPL 
plan® will depend on the ratio * imiowiiig mm iWW&h 

to a aufflcient approalmatloai we aay write (7 .il* a) at 


± 


v4-‘/ 


(7.11.3) 


the aign ± being the aiipn of 4 | and the walne of ‘^'•the 
one given by (7.4«4). iquatitai (7,11.3) above that the flow 
line a will vary with cr and R . for cr^ w# have %& 
evaluate the integral 


± (9 


/ 


(7.11,4) 


where ^'ia given by (7,i*b).' 

Ihe {(9,-i) relaticjo given ^ (7*11.4) ia mmm to fee 
independent of the ratio . m a given value of ■<, & 

variea inveraely at R. . aagat^tude of ^ iaareaeee 
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^ leant Imi Sji#liA%y m C t wiilii fit 

3Ullafi3f«ii.ejai ^ • ||i@ 

*&« ^ i “4 »W - T at It <«iMm nkttkw tb« 

Mft4t In UNl tJl^vt tfe ttidiiULir 

wtiin tm tiilt «l»4«t «f -j I, ft* tuitfml emi 

1M tirtlniiien imtrlealf u givt 6 m % tmMm «f C • 
the sretiOLtg uf tutb g sMtiieil.. JUiltgrttitiii ajm givwi In 
leWt “9 «3« 


feliit 7*3 i f tXiMki ®f e ia 4igit«t fat eei^till^tiEMliaf 

VaXutt ®f (9 la itgi^a ^rtt^aaiiat af C 
^ 0«i0 0«i4 0.74 0«7i 0^ 04(0 0«00 o.ti 

^ i«i4 i#.i0 mm m*m mm mm «t»i« sm% 


IRaa feztt af Ite tlffea ^Haa Hm 9iVll«al.a7 tmlwi 
o'-T li ttoaa la tOit flgaia <7*4>* 

7*is «H* iFFKjf QW mmm mm m mnaii hsl® 

la avntr t» cmIm tbt afiatl tf Hm raiil i^tia 
cr =: I «a !&• i*l#fllty flalit m Imm f#tf4iiM4 aeuirletl 
•aapmlalimi ea •taaliea* mA - Hw 

0atlaa ti^tltf ftlstiff ^ *^0 

•Hraliat aMiiil.at« taa laailla **••* il'wa la Itlaliff 

fiira« ffc^at C^*il ia C7*3^) flat 





Ah Ah 

^ . uj , j ^ ) »% wmei&m 

"i csti til# of ^lio «fi||i |'| Il f foy fix#id 

ulii® of til# M^SFUold*# nns^igr ^ a I'liip ijlig 

^ - - ox. , Chois# of R Is tz'hitrgrf sine# it is idthiii 

th® liatts of p#?aiasifei# BcTnolds ai®ib«ys sine# it is loss 
thsxi ^00 th# cfitical ansibof fo(p atrsaii iins fXov aaatioiisd 
hjf B®»ii Ci938) sod sii^ sioci w- ths sscoc^siri' sslocitjr is 
svsryidisrs Isss than S ptfcsat of th# priaary vsiooity w, , 
this is 4nstifi«d for tot first approjdaaticsii taktn f&w tot 
problitt, fht radius ratio of tot isylizidtrs lois httn tiAtn 
to vary froa -Od to .1 at an inttrval of .01 . fbt oontrilw* 
tioo of caa tot convex sidt (4- and tht conc^w aidt 
(_4 -^;^) of tot 'horisontal diaatttr is |nst tbs rtvtrst of 

taoh other i.t. on tot conesvt sidt la^to tot point 
tht oontributicjii of this vtlocity is positivt md afttr that 
it hecoats ntgstivt. On toMf cotortx sidt it has Just t^ 
opposite tfftot. Ibt point totrt tot ptr tor hat ion vtlooity u3 
changes sign aovt toirards tot outtr isill as ws inertas# tht 
valut of R and it rtschts sowndairt ntar • •Sd ftr 
cr » , 1 , 

la ttthlts {7*11} to * 7 * 13 ) >• hart tatailattd tot 
vtloolty fitlds for flxtd vain# of tht radii rati© c- : 

sad T • *0® f*or difftrfflit vaiota of tot ityaold wmhtr R 

mt >11 polata on tho borlioDtil 41»#*o». Ww R - *0, U» 
oontrlbntlon of u. 1. •* 



diaaet#? on oonoavt aid# wnertas it it ntp^tiv* on ttio 
oonvox sldo* It is also ao;« pronintot towards tlio Inner 
wall tl»n towards tlM» outer wall* is R Inereasee to R ■ 
we set that upto 1 » *40 tin sip of is positiw «d 
then it heeones negati?® and again at * .SO and onwards 
it becones posities* lEftts shows that foe sone eonbiaatlais 
of R and cr ths seecHodary reloeity aay be sero* Ham ^ 
inorease* further to R « 100 • the point of chaage of 
sign move-': towards the inner imll» 
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CMAFIII 1111 

li n, i^am&Q fif* now 

a.i ii4£tiOiXiwiio« 

QoaMid^r a IsMiiaaf md st«a4y How of m itwtooiaa 
fluict tltrou^ii a mtmd piFt tfl^isa oroafsaetioa is a aiaply 
oomwotai olroular rtgioa md %lm eurva ioialag His o«itr«s 
of eross^jNictioiis is a oiroulmr aro* isl &Jai wall Is^^sfiiSurs 
t)« Goastaoit nitli Fsspsct to tia« as wall as 4irsot:^iii fluid 
propsrtii'S ii*s* irisoosltf oo«ffiel«aty tiaeraal orndtiotlviif - 
dooffioiaiit «lo«) ar« mmtmtf fi«s iioavootl^m sf foots as« 
nogligiblt (l*s# tlmi If a fOtosd floM)i l»tt radiatlcia mA 
hsat mmrn Cor slot) distrllmtiooa Ctuofe as i on^oal m 
aiiolooF sto, ) «fs aai feott iroloeity *«! t«ip«fatiiir* 

profilos «r« f»liy dotolog^* ^ oeiifSao owsolws to tm 
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Figure 8. 1 The coordinate system (r, 0, 8 ) chosen to describe 
motion in a curved pipe of circular cross-section* 



0as9 of llqui^ls oalf to that nt l»it ©f ©oapr^itioia# 

ftiUQi dissipatiiou wipi‘#a®tiliiitii*® ®f 

nmt in lb© pmm.m, th9 pr©bl«a for itr*igi^ 4met 

m» first of mil itwiui |> 3 p aehXltlitliig (19S1). ftm 
of ah© TOri*#»poji4iii| probii© ©f ©tral^t pip© of cireiiltr 
«roif»««tlc« can t© •©to %& im^m »a4 iifihlti (19^). fit© 
pWpoa© of tM« etmpfctf i© t© ©uttiii th« twirls of mm iWSn} 

%o inolwl© fch© omt© of b©©! gimoratioii 4©« I© rltcoti© 
4i©slpabiOii* foJUoif mm mA ©vaXiiMta th© tinpermt'iir© 
profll© ©6 thm ssBif of dissipation at wMoh ili© »«l®eity 

profil© has bottt tvalnatoi bf I3©«a* 

8*a aihiiiiO* «S mpiiiifyai flAO 

k oifoular pip© of radios a is ooiiad in a oirol© 
of radius £ t ioous of tht oeotiwis of all orosir 

©•otiofis makes a oirol.© of radius £ • flw ©oordioat© 

M^Btm U8«d tty uf ia tid© sas© at wis ailoptad by smm 
and. Jonts (ItoO)iii disattasiag th© «Jr©©i pip© flow probl«« 
aiid it r#pr©s*itfe«d in th© figur© |8«1)» ov it yt© axis of 
ti»© cirol© la thioh tb« pip# it ooil©d* C. is th© eeatr© 
of tii« oiroulaf srost^ttotlua If a pl^a© ahl#i pass©© titramj^ 
ov 111*4 *atos aa a»il© ^ ©i^ * plm»C^^oJ pmn»im 

tbrouife 0 • (^0 %9 pmtpmAimlmf to o v and of Isngth £ • 

fht pl.aii« through O p©fp©adi«ular to ov i© oallwl 

th« ‘©©atral plant* of tb© plpt <nd ^© eiriil© trae©d out 
by C ii* •©•Btral lint*. W ptlol P of th© iir©©ftt«tioii 
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is rsfsfffsd ly se^dlastss v, 4^ ^ ^ i^ts 

is tfas dUtmm C P cp i, ^ ssdt fey ifitu 

tDs imt turomb C iisrtilsi %s , nm ©f tb, 

pips is gtvm toy v= a- ^ n bsiai tlis rsiins «f sa^ sseti<si* 
flas ss»p<Mi«bls pf ii^seity sstrtspMiiif I© ilisss ssotiiiis^s 
srs > u') U is ilsssfsys ia tbs diriwitioa c V 

psfpsaasitlar tss 1/ m& la &m plwt ©f tbs ©ross-ssstlaii, 
sad VV psrpsBdisalat i© %Mt fisat, fl^ gmrsi iirssticia 
©1* flaw idll I* tsfesa t© b# ia tbs dirtstlsa ia slilfib ^ 
inarsssss* 

\0im tbs ia«>aprsstilils iswIaiiiM fluid slisrsetsriisd 
by tils fbsalagiasl squstiaa ©f slits 

ti- ^ -f a/t Sc^-, C«*«.l) 

flows tbrou^ii tJm siirvtd pips (dtis to tbs fall ia prossurs 
along tbs pips) witb a imifora wall tsapsrstarsi ^s tsapsrs- 
tttfs profils is sbaagsd .froo tbs wolfbta profils at tlis 
mtraaos to tiNi sbaraottristio oiw ilbtsi strsw se^ at a 
latsr instiat a fully dswsl^d tsi^fstiaFS profils is 
forasd iasids ^s pips* f® tMs t^psrs^s is addsd tbs 
bsat of viioous dissipatioa* fbs wissoas diss%atioa fmstisa 
for tiis abows liquid is gif SB W 

= 2-/t et'j e^j.' 

= SL/.CeL4. + 





1?5 


tm mmwm tm m* Mi|iii4i of 

ptoptrtloi nitli atro la^itiaai. lMi«t aai loro r«4iotioa 

it 




3 T 

FT" 


e t>e 


+ 'F 4 ^ Fj 


CS.ta) 


wlior* ^ it tfct thttnal ece«itt«tliri%y, f it tlit dtiitUf tod 
C|> it til# ifi#«l,fle luitt %% ooatt«Bi {»r#aiNur«« tte# qatafeil^ 

-'^Cir)/> titwtilf »#ff ^Mai fw Ufiiida. It ity tlitf#* 

for#, itlEoei •qutl to ttro it ^r«t«it ota#* fiM tiiiiatioii 
of tout idol ty i« 


m .tL 4- - 4 4 ^ ^ 


(e«t*4> 


folio widg &#«ii Cl9i7) m tatosi# 


y = u. j v= -y , w ^ 


Ci> 


tad 

P= 

wli#r# u, V- , ^ mini tf# Mf#rf #4 to tfe# •••cadtir 
flow «« til tio takift to b# tttll of tk# o*4«r of tad 
Iii,u4 tro ia4#p«odtat of /9 . m ftallioy f#iwlt# 

T_ jl- C^"-- rM 
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m imlmitf m 4 th§ pr«s£iir« 
fof tlai fJ«nf In A tltftiiM miwmln pipt m4mt tlM edBit%«Eil 
pfti tswr® ISaif ia tHis €««• we eao rajard ^ 

m4 l> a« mifeki Hiif ta* iiq^tioa ©f 

t«lc«a tiaa fata 


'^r 


LL 

y 






«M tMc suigtslfi lli* tom tow tka straaai fmetlon y m» 


LL - - y f 


ani ^ 


( 8 . 8 .?) 


thus tl3« otwolmwoto m& tIMi itrtsa ^aapoiaaits om slJipl.ifl.a8 
sod tha alapllfiwi a<|iiiiiicaui of mtim. raduaa to 




Qr 






, 9/^ x/, 4-J- 




Q I I L ^ 


(8«8« 1M^) 


iftoava 


^ asi famid I© ^ saastaat aad tea tew t^w ta 




te aw© fat aUipiiai^* 
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8^ tuinay 8i#unoii8 

JPor «%f tight eirtfiCLijr pijpNit m Istirt 



it A^,t + f 


O 





+ 


Y c;6r 


C8»3,l} 


C8*3«i| 


mi 





j 1— (^a^— Y^ ] 




%^«r« ii tfet ttBitanit iMll t«*p«r'»tiirtg c, c it 

tii« tttptrtttur* At A point InsidA m* strAlght plpo* Just 
At in tli« OASA of VAloeit|r fiold in th 9 eiorftil pip* (so* 

Pom VA AtitA dom thA ttapAtatoiA fioid aa a 

pArtiiftAtim ovAf Ihi strAight pip# aaaa tAi^A^itin'A 
and tlslA partiiflAtioii it soail dot to ttio iargo rAdim of 
OttfVAtUrO t ♦ iAt 

Tt Cr. = ■^1 £ C^j (y^ 

or ilitply CS*3.4) 

7^ = -tie + 

H fy ^p "L^ oo#isrlAf in (8«3«4]f feai tAWi lorittott at tho iA'Wti 
of ApprOXlllAtiOB At wIliAil tho AAiOAi^ OOH^IlMltA AOd pfOAiWO 
IkAAO iHIAlt writ too i» ®t«i it90h 



Wov tUt mmtsf (S,f.3) it irlttwEi 


ftt 


f Cf, u. ^ ^ 4"l./ __ U?! 

(L-r ^ 3jr ^ JLi- £ ~ J 


K -4- Kf ^ 

^ cLy ^ 9^3- 


X. 




dim9 ‘^p^- ^ 

<^T (6 f^K 


msA 


J-^i 


Ajr 

M' 




Iqiitticiii (S*a«S) tio^lifltt %Q 



/? t\ 9 'f 9^. 
76A^ 


i6M.e.^^ ^ ^ 



X i_k \ 

Y ’-' ^cp‘'J 


(^S*3»T J 


3*4 3DiyflO]li 

mm iwisif} «ad Jomt C^l3o0)| tiM tfutUims 
&t action C8*3*i) t© 43*3«3^) tut b# B&lfA W attaniiif 
Mti ©f lii© f©im 

(p ~ 

i9»4mU 

4/^ £. 

ti f l 

, £i:4J ^ 

^ ^ U' 



in 


of 4 “ ^ * fhmt m«m •^ootloet, lAlioUliilod in «» 
•<|ttafcl<mi of mtim (S«t.a) %o (S*3,i03 roiiioo U 


^ + 4 ^ 


C8«4«a3l 


2 . ^ 


C8«4«a) 




WiMlIO 




3 P 

f /I ^ ^ 

4A^ 


“'K ■ ■ 


{8*4*4) 


and tkio oporafeor it dtfiatd bf 




I 




(Sooilitmt wiiM th* fOf« of 
•oiotion fo» '^L bi of tbo fowi 


UJ- 


•od ^fe* 


j ^ __ €.L^) 


C8*4«4) 


iiil»ttllollai ibo tolo»» ?^<p 

m got 


^ mn^ oto* in (8*8«8) 


iL / . , /// ^ ■=- 


P*4»«| 
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tHUfttlon w ma provldvA '^y' 

«iii4 f' *f« tokovQ tii4 H^ctt 1 ft haift frtM Jonts la# INiia ta 

'^'-- ^ C4-?4^*-U''- £.’) <•.■*.») 

1 ^'=, - f-a- 4^j -f C/^4-4o4V3c4 wa4+4V CS.4.S) 


aii4 


A 094-^4^^ 1 4^), 


(S.4.»> 


thm 




7 ^ 

-;zC4-i 4"; + i-io4^H4^) 


|8«4» 1®5 


aM ttiittfaf# 

^ eL. (jfs-^oo4^-i-soo4 -US' 4^+/s'4’^+®i 4 

0 

^1 Mfii atW'lfAff ©f iadt^^ta* fM.a m^mtlm. 

m$t,M m i»i#fimM®8 «twa 



iSi 


4= 

® IIZ^O V ^ 


4-4— 6?5--aoo4''+ai-4t3f e. 


S.'^S'co 


(8.4. It) 


wii*r* B% It tftljEi IQ wrfelltfMPy tmalMait of lattgrttion* If 

ii 

tliif oonttaiil ift3Pt fiait* ^tmik iiwet Wm 

ifoiild Im iafinitt ftt t3m eiatirt of tfLatt 

tht toMptraliUft lit tii^ point iaildt tist plpt hat to ht 
flaito and not Infiaitti tfot oonstant Btut tt aofo* 

la or dor to dotoiwiiio B, | w* iNiro ttw tliofnal toaodarf 

( 

oaodltiimt at 4~l froo tho proaorlbod ®®9iditloa 

that 'Ti=- ^oi dt i ^4 yiarofofo fro« oaaotloBt 

C8«3,3) and C^*3»4) «• got 


« 7 X 

B, - i 1^00 


^64 o 


C8*4«I3) 


and tiioroforof to got 


tj + 4-34-24 c^-i 4'; 

4f.o ~ 4 ^ 


HA 2-0 






<5 


C8«4«ll) 
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(S,4a4H w» l&at wism 

^ - o * Am It MMtiMf &t ftt% ^e. •taoaii vaiiiili *% 
e«atrt of tli« er@is*t«tliii&» Mtlrntwlm tkm tolutioa ulll m% 
tm 0f M&y pls^Mlmil Hdt it m» ftUeiftf 

OontMtr tm p»ia%M m oc ^ &m m ^ Xtft ^tad tai thm 
atl)ty m. tiit lig^t tmoA tiitt of c , At tiho loft Im 4 
tido poiat cf>~ - ^ ltd • iMlt M% tiMi otaot ~ ^ 

tod .£^4’ = I <1 tlMifi idXX tteofifoto hM t fiailo 

./ 

in %hm mXatg of (tad ImmMf I& tbo twipofttiifot aXto) 

Mt Uioao poiatit bovottf tXoatr idt points iMf M oalost 
«t 4--P * iMs t«pXi«t ttitt tsiio tooptratiiro it 
twdofinod Of ditooaliiiooitt m% 4-® siita '^£ + ° •% 4-*^ • 

fait is titgufd froi too poiol of vSoir of pl^siet. fiiatt 
ttM soXotioas to It of mf p^siotX iigiiifi««ot« nott 
nt'OtattfiXf faults t% 4^^ • 

f&os ttit i«optr«*itft iltXd A% mf point iiisidt 

thM pipt is ^vta ^ 


Tt = i , t . + 






,2 5 “ 
t a. 

6k /^ x ^ 

iX 

^ i ^ kI 

i\, -- 2443 -^ 

,1 llXS-o <5 

,i~ i yk 




R. P'T f ko — kS' ^ -f 
Wze-0 




^ (js-'p-oo 4 Va 6 '' 4 ' - 
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&r 


Te 


LO 




(( 4^ ^ 


L. 




^ / — II 4 4 <4 -f-f^ 4 > 

/7 2 .g-i 3 


,/_/i4 + ^^~4^- ^<>0 4^ab4^- }>s^ 2 ^ ) 


j / \ 

-'- ^ y‘ 


7 9 .'/. 1 


-f- 


% 2 ''Sroo 


CS. 4 ,|?) 


fiM rmtff of I3«a%*%f«asf«r 


2 r. 


^4 


is giVSQ bf 


A- K ^ „ _ /!) ^ 4 r 1 ( I — 9 4 > +• ) 


fi^er 

Tvis-o 


4 - 31^4 -f-/6 2 4 ”• j 


Q-ii^ao 


+ 


(i z -hl^s4^- /ooo i^-ir^i^i-3/s 4 7-3 3 4 ^,, 


C 8 . 4 *lft| 




Sll4 its IfSltti st tlis tttffsts of ^wi pip# i«S« =-\ glVStt 
^1 





im - u ) 



{ Tt-tw f 



•4 

•3 

■2 





i ■ ■ f - ■/ ‘.f--' 

I 2 . 3 4 v! 
Figure 8-3^ thi fti 

for Pt 





hftirt out a»i.yieil •viaLaatS 4 >ii of tfeo 

t#»po»at«ro fia4 ami tk» ioeil h*mt twmmfr a% tlio w»ll of 
fcho iilpo OR X* im CoopttUr. fot Pfaadtl iiwilir Pv Hoa 
Iwm talioii !>• 1 0? 7,S , Jl^piel4*a mmh&wtt P- bos 
l»««a tikoR to tet iO Of 7# Of 100 along idtii tljo ratio of 
tho ra<iiw.i of tlio ^ots^tralloa of iiio pipt %m tiiot of tlio 
r*4iw» of ourvatiifo of tin «i4.1 to bo ,oi* wo Mra itaiiB a 
aiwbof of graptei al^idliif tbo bilutf’loor of 'ttoporaiwo 
©wwa aodi tb# local liaat*tra»sfaf rato onarvoi ^ w^wlom 
ooabiiMtioaa of R an^ Ir « Itoa tOo graplia m oaf 
dfav ti30 foUoidiif ddcamilRia* 

(i) Orapli (S«t)t #ioira tb# loaptratoro fiold iiialdo Hm 
I pipo fof 1^ »lit0 iJil • 00 OR all tbo tadii ▼ootora* Mo 
not lot tint t]!io loaparatoro inaido tin pip* cm tbo oorvox 
iialf of tlii pipo ii a lit Ho tfeia ttio ewoapoadiai 

point • on feiao oonraoo half of tfeo pipe* On tb* bori»>atal 

dlMtof on tba oonoara sMo at about « .a tba tos^oratm 

» 

attaint rnsAmm talna liiiob la aboira tba nail toi^ofatiiro, 

<11 J Orapii <«*3^ l»ai ^ tooplng 

tha aaiaa a« 1*0 . Babatlaiit of tba tanpoaitafo «i»to roniiaa 
tlio tana bnt fOP a littla olauigo in taa^aratiwo toMurda 
tiiiiiof alia. »• polab » •! alao law a ttn^a^ U alUft 
ontaarda* it no polal o® ^ ooaraw aidOi Idw tac^pataio 
insldo plpo it obo^ iwapiaratwo of tba nail of tbo 


plpa* 







(Tt-tw t 
(A2a'V64;jK) 


•5 

4 

3 

2 

•I 


jy— Tf/2 


.4>* Tr/4 



0 


< 4>.^iT/4 



Figure 8 - 6 -The teiftjjeroture fieW insidi fhe orwed pipe 
for Pr *T 5 *R *76 o« <rt therotii irecl(»*. 


(111 ) dfApIt (8*4| fthoits Hiii fmrvt for ^ • 160 

and ^ ftawiSJBing list §«&« at 1,0 , tea alto tfcio Ifttluiiflcuir 
of tlai twiporatoft fiiAl rtBiaiBa txfalMtiaf a »«ni t^praal'* 
aM.* diffOrtaea la toiq^tiratmirt m tatioaa vaiil Yootort, At 
fflsrroapciidlag pelatt oa th* e^vaa tod tba ooaoavt alia of 
tlia plpai t&a ttnparatara diffaraaea ip»at oa iaaraatlas Ull 
4 • *0 aad tliaa goat oa daarwtlag tad tai^aas taia tfiBa 
at 4 a 1*00 aa la avarjr atitor aasa* 

(Iv) Orapti (8,6) aikoiii tlia tai^aratara aaraa ^ m m aoA 
Pr » ? ,® to lllattMta tiia affaet of tmtmm* of ^ • 
Betiavl'-'tur of tjiaaa imrvat la agala tlia aaati aad tiaart is 
Sppraoiaiaa laKPaata la ^a taa^iaaataaa at a polat for t^o 
oorraa{>oadlag oar?a tdiaa P « #0 apd Pr » i,0 • oa 

-z. U- imd cpz.-^ tHa tai^ratara dif faraaoa la aaslaui 

at about 4 •> •§ « 

(v) Qrapli (8*§) sboos Ifaa taaforaturo ov^vaa for ^ » 78 
aad « 7«8 oa liorl^tal diiMtar, tlia mtioal dlaaatar 
aad tao radii raators tm4 .Ifea toa^ratara 

oa tba vartl^l dlaaatar raaaiaa tlia aaaa at la all l^a otbav 
oasasi tad IMs go«a ^ iaoraaalag ifit8 iacraaaa la ^ • aiis8 
taat oa tlia aorlaoatal diaaatar oa tao aoaw sldo of tbo 
pipo» It attalaa ofilaoB falaa at about 4 « ,4 , M at*!* 
at» taaparaturo :diffor«iaa la obMioad i» !» «b tlia polata 
4 * *8 <» feeriioatal dlaoatar oa ^pfoidto aldoa of tlio 

oaatfo of plpo* 



(Tt-tw ) 
t A^af‘^/64>iK) 


1st 



i92 


^ w- « ■ .ri- n,-ww_i» 


»7-J 

1 


1 J 

r ' 



Figure.8 8-The wall-fcteat transfer rate of the curved pipe at 

vafious points on the cross sectbn of the pipe _for 

Pr = 7^5,R=75 



id3 


(vl.) Ckpftpli eiii>T«t f&w ^ * 10© 

And P-r ■ 7mS on llio tmo r*iil irootorg og iMfoigi* Biff* ift 
iiotioo 'Want tiMi toKpof’iInzo diffovoi^Bg gt gboai 4* • •dfi 
gtill iaoroAsoi ifitii tim in wni ^ • Oa tli« tnuriaontml 

diAaotOJP «% illbOlll ' 4 » *65 %llg tgll^p«»A%tllfO diffOfgJMMI ig 

»Axi»iPi on two gSigg of tti 9 o«nt»o of pipo* 

iineo tiif foiproggioii tor %hm iMn ffigtioa icMig aol 
ia¥o3.if« ^ I 'let «ie mf tSaal tiit Mglitf iMWiMHrttitro ddfforo* 
not in tilt liquid on totb tidts of tlit vtrtitai diiiittor it 
tort dot to tilt vaiiat of Pr tliaii 4m to tBo ilto ia atla 
fvietiont ttotoit tilt tlds fr lotion it ti^tr on tiit toavtx 
sidt of tlw pipt on tto oonotiet tMt* 

(vii) flatllf gftpii no»<8*S) tnoirg IBt mtt of 

on tht owrftot of tlll| plpt at wrnH&m pslntt on tiit emtt* 

■tot ion of tilt fipt* nt ©fettrit tiMt for til tentliiittioin 
of tnd ^ I tin loetl tttt*trtatf^ rtto it MiBttt 
tt tUt tad of tto horigontti ditntntgf m tbg gonvgK tldg tnl 
lowigt on tbg otbtr «id of it* it tdig tndg of tlig mwtiml 
dianotof I it it gongttnt tni iadoptndgnt of ttiina of ^ 
and ^ • fin Mtt of lntt*tftnsfog foot on dooroggiai gg 

nt |0 on dggfgatiiig tltiigf ^ m ^ * 

of foot of owpgg^w on tbg mat tmmtm* it 
Itgggf tbin tbit on ftiotliia tni Iblg it cuNMitoi 

btegWMi tbg ilil.n fSPitiion it fg^^tMontl i» tin ggftogttf 
gfndimt «ii t*^ Jjgggl bggl»tft»of«f ipato it ft^rtimi^ai 
to ibo goi^ ^ w#Mgl% 


CBtftKB IX 


OONVXCnVB HEXt ta«SM« IX X coawo XXXO-US XMXXHI-IX* IWI« 

9x1 IMtiiDiXlUliaK 

in th« s«v*Btb ehapt«r urn tim w&n^ ®f 0»« 

(1921) to Includo th. e«M of oami .noolu. «« 

eonflMd OUMOIVO. to th* wwXysi* of hydiotfyiMoio proW** 
only. In tb* pMO**dUH <!h*pt*», •• •»t«<l*<l D**b** P»ohl*» 
to ln.I»I. th. .... .f h»t-t.«..f« *- to yl«o». 

dl,.lp.tlon in pip* m th. pr..«t -»pt.r » 

«# jihttstar WIl t© iaeliil* "fell© mM 

wiBh to tb« ife^y or Sbopw fii* 

- ©QBOidorti i» ©bl^tOf Ml* 

Ot emvBA mmvlm 

In oth.r wtd* th. p«»po* ot thl. rtapt*» i. »« xtody th. 
.onT..ti». b..t ty«.r« *- *» **•"“ *i*»*»**‘“ 

fluid ..tlon «n.ld.«d in -»Pt« 
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OUT purpose la to coaaiitr tim boat gaiiaratioo dua to viaoosity 
in lataiiMri ateadyi ^ngtaat pzopart^ fluid i©d fully doyali^od 
bydrodyaauioally aad tl»raally> foreed eonvaetlon of a 
lifivtoniiii ll<|uld inslda a ouraad aimulua* Hai toopora^idpoa 
of botfa tl^ inaar aad tha outar eyliodarioal auffaeaa ata 
constant (at tbe saaa t^iparatura) witb faspact to tlaa Md 
spaca coordinatas* this is only for siaplieity tlmt wa laiaa 
taken tba taaparmturas of totb ^a cylindrical sar faces to ba 
a<|ual* Tfoa probl«i of mirrad anoultia boat transfer is of 
intarast in double pipe beat axebasgara and in nuclear 
reactors design. 

9.2 amalyj^s 

Hare also va adopt th9 coordinata systea given in 
figure (7.1) in ebaptar fll. tea assumption that is 

of first or<ttir of gsallnass (i.a. • • are 

negligible aa in ebaptar fll) Is also retained for i^a 
purpose of satisfying eiuirgy aquation in £ba folXQwis^ 
analysis. 

m know that tba velocity profile for a fully 
developed forced flow aider a c<mitaat prasaura gradient 
of a Hevtcuiian fluid along tte axis of tba straight uvaulus 
is given by ■ 

ui, 

idiere , A 


or 




cr. 

■ ■ - 5 , ' 


JUast 


tgA h 

Q. 


iS' tlie ecandaiit 



pr«ssM« gradiiwt aloaf tUt «i. of tb. «*d 


? = - A ^ ^ ^ 

togethof with ^ o aaS V = o , 

fh« •n«tgy ojittttiiai in pip* ^t9A 

ia th.® previous ch<ipt«r holds good for itrslght mmxQ.m alao* 
Solving that onopgir #<|naticm i&idtf ih® oE^diticm t[jL~ 
at f-1 jmd ~ a- f m find that iha taaparatuva at aogr 
point iasid® tha straight simaliis is glvan hy 

t|jL = -t- + m> lu-j - -tf A'l - :S j {9*11*3) 

C> A ^ K L« 


wh#r« = - '' - r Cfl.t.d) 

AS.ko' L 

and is tbo tsag® f stars at both .ths walls* 

gines m havt assunsd tbs oarvstars of ths isinalas 
to hs vary snail • ws ean s^poss 

T = t,)L + ^JL 

Similar to what ws did for vslooity soi^iw^ts and 'prassars 
in ©hap tor ¥11* 'T' ^ givsn this ©©aation has hcma wrlttsa 
at ths s«is Iswl of apfroximatioB at wlsioh v«loeity mmpmmU 
p^rsss'Ors has 'hssii in ths prssssdli^ ohaptsr* ®irs ^x. 
is ths contrihatioii to iSm tsmpsrstars fl^d dns to III# 



ourvatur« of tho amtiliisi md benc« forth VO idXX oftXX this 
am porturhotioo teapoimtort. 

Ihe pbirsictti pie^t of the eaergf equatloii 
fcbat the perturbation Con the *a»e llnee m 

velocity I stream fmotlcn and pressure) should have the 
form 

along with the forms of and J= as assiwed in the 

Vil ohapter. 

iquation (9.3.6) gives 

^ tlu)SuX^ 

= - (9.2*?) 


thus the energy equatico (i.2*3) becosMis 



u- 

‘i-i 



a-fi- 


-i 3-S 


^-L 


k . 


it 





nw ioluMoo of th. »1»« wJMWo” **'• *•** 

(- wmauIik k . frem C9.i#3i «*** straiflit 

temperature t Hu 

annulus* . 
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9.3 aOLUHOM rOR 

Substituting tbs saluts of (^^ sii 4 co tbs solooltios 
for tbt straight anaulus tad its psrturlMitl«» vsiooltf 
rospectlvsly for the ourved eaaulus frou ^^ptor til m 

rudiicii C9#3#8) t»o fopst 


p a 
^ ^ a-j 


xC 


dri-^ 


*1 




) -^r^- 


Sc A' 


ai^ 


S -5 / 

<9.3* I) 


idsioh further rsduoes to 


V ^ a-i -(> M ^ 


■ ’"-i ^ C9.3.t> 


where the noii*diaeiisioiiftl quantities ere deflaed 1s^ 


t = 


? 

prandtl ntiaber - 

/kC^ 

■ k" 

p - 

B«yaold*s huaber 

fAa^ 

H^rmii eaaduetii^tf X. - 

. e. s 
A ^ 


C®*3»3J 


th» aRUtm (9.3.*) •till «wlw ■+-'«) •* . 



ftBd tiMi® If® hav® in «.hfi,pt-®y fll sail wp® 

giir®n by (7 •4.3) and (7,fi*8) rtspaotivaXy. 

Sufeitltufeinf ill thai® Yala®® fyo» fch® Wll ehapt®? 
g®t (9»3«@) as 




Cl r 3 s 

^ -V- ^3 *5 *5 

z 'S 


+ Cj,'? 4- C 7 -^S 


^ y? 

+ (^ -t- ^ + c„-< 4- c„ c,^f + CjjS J iui 


+ +c,s--r + ^i.4cot^)(^”^3^ Ci.3.4| 

wh«r« c, ,c^ ..... . c,^ ftf® giv«a 

c, = S 05^, -t-BA C ^11 -^') 

Cvj- 3 = _ s ( Q 3 ,+. a>q^ -l)‘^<r) +- ^('° I* H-J-a-bS *=**“+ ^^> 7 ) 

C,^ ^ - SC Qq 4- Qs ) 4- +^*=7 + 

C 7 = - S (^s- ) ■+ •^ >6 

<L8 := - S(A^P/) - SA b„ 

Cc| =. _ S - ^*^8 ) ■f' ^ ^ ■‘■’^ 

C.- ._ __ 5 2>Q^ + SCablo4-q*»|44-5'^b;3+3Ai>4j + 



HO 

^\[ - - S - 2 )«qc, -t-qg 

<^('a =• — S bj + q bj^ + 7 A b -7 ^ 

C 13 = — A- WT. b^ 

^.,^ = - S A^qg - 4 . 8 A 

C.\S' ~ — S (_ — D ^<51 ^ q- S 3A bi 3 + Abici ) 

m 

— — S C. ^ ^4 “b ^ A 4" ^ ^ ^ bi3 -4- 'S' A ^ 

C)-^ = — S ^<f -4- So bcj. 

c .\3 = — sX^Q',^ 


vli«r® s •= A^r.R jMadi th« ooiistaats <A|,q:»- 

«ttd bi , bi • - 

ar« glv«a by 



a, = w/R 
• ' 

', «t =: 

-A/i,? 

q> = C^<S-F)AR 

; q, = 

Ci/A + 5 -A' 3 )/ 3 x 

Q 3 = Cj8e/R-Zo\-l'7J?-)/ti8 

; ^8 = 

F/iR 

Qu = (3 + aA)//t^i, 

. q, = 

- 3 >V |4 C». 3 .t) 

Q 5 _ — Vs. 8 S 




(_ AX - RAF-aA+^RHH-^^)/& 

^ygg _ i^g fiQ i-Ko RF- SR.AE + 32. i-S'jR A J / fojtif 

(^ qc? r’a'^a- I’?/ R^A - JAA RE )/a7< t,3 



f 
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bg = _ /3 o7 2. 

bq =: - R (^SF + 2 

b|c> = 2-^ - iiEH — RAQ-^- RA F ^ / 1} 

b\i - RA H y 2- 

b,^ = R^A'^/|?*2. 

bi3 =; R A /ii8 

b,^ = - RAF/g (9.3«7) 


Ih* fliml intigrfttioa of oquatioa (9«3,4) yi@Ms 


tii-f) 



^)L 


^ +a.4-{ +cAife^ + ) i^-i] 




|^9i3#8 1 


iii«r® bit aad bi^ai.« ooQst^ts of lattifatioo mod ct, ,ax>- aiq 

&r« $ivm t>y 

a, = (_2 -V- C-<? — ) /^ 

_ ^ 32.Ci Qe “ 

^ C7i£w -3aC„ + HC,,) /ir^S 

o(m = 


(_i?8 C-s — 8^ O'!. ■*“37 Cr? } / * 
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ols = 

(^ Ao Cg, C,^ ^ ! 3ioc. 1 '=ti5' =■ 

(ACis-'^c.a) /-ii 

<5l fc - 

<^7/12.0 -^ctlts 

Ci4./ A^ 

^7 - 

~ C Af C, Cfi) / g ; ‘=*‘‘7 = 

Ctv/ it 8 

<=<8 = 

(^ac.^ _ c,j + C-m^ /4, ; <^»» = 

tt*,/ 4 

= 

(^8^0 - f5-e,^ + aic,s)/ti, ; 

= '^1%/ g 

<=<lo =. 

C ^ A.n__ S'c,.^) /f^i) 


‘=(u = 

Qt. - 7C,^)/s-7C 


<^17- = 

'^I'i / 1 80 


=: 



o( It, =: 

Cm) /A 

(9,3.9) 

rh« oonsttrits of latogratioa Ht t>« i!#t*i«lood 

from th» tJ0WQ4ary ooadifeioas 



(:, C i ) =0 


and ^ (o- ) = ® 

Ci,3,xo> 

fhud w« g«t 



= „,5,.!: 



L <■ 


- 

(SiucT^ J eii + 0 - t=tg + 0 -^ o«9 + 1 


(Wn +=^^•= 11 ^ +>>■''“''6 +»-’«» l 7 ] 

-■ ■'■- ’ — L rr*" 


C trc<»s + ^ J 

cr ^ 


C9»l«ll) 





-<-=^^+«=(3+o|t,4-4s4-‘=tfe^ 

1tou8 tooidng tbt ptrtiurb&ticMi t«ip«ralsirt ti tdiyi 
fcb® ii«lp of esiuationt (9.2,6), (9,3.8), (9.3,11> «i6 (9.3, It) i 
v« get th9 tea^eratpre at aof point on a ero8r*aootlon of 
the curved annudua by a plan# ^ « eonatmt for fol3.y deielo- 
ped teaperature profile case, as followt t 

T =. 


r: 


r \ )^-^X f -f'' ] 






(9«3,l3) 


which «ay further be written as 


T — ^co 


•X. ^ ^ 1 

4. ^_ AX -+- ^2> -■ 


4- 


q M . SuX 




(9,3, 14) 


Ih. t.« « th. rl«ht 1«>4 .»«• «» “« «>“*“* 

{9.3.14) H to «» »•«»»>••' “ **“ t.iip«»taM 

otn th. tM4).r»tur. 1» » rtfaliht ««<il»» <th. ftrit t.» 

0» Ch. of «« “* 
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IbiB will l» MR) for lwg» »«aiu, of snpwtur* I l.o. tm 

tlam straight aiuiuXms* 

9*4 'ffiE Af fHl MliLB OF TH AMMIILIIi 

To find tht bemt»traasfar* 7 at« , ir« diffsroiitiats 
(9*3*3) and gat 

~dC^~ ~ "^“^n-ds) -4- CScls-Hci lo ) 

Q 2 le 

4- -v(^^S4 i *4 ^ 


4 ( 2Xol \ ^ ^ ^>) / (^<==^8 4 ) 4 4^^^) 

^ ^ 1 1» ) 4 C 4- 2s.<o( ^ <^c4(<i, ^ J 3 

4- 4 i^lLf 4 C3>^JS 4 ”1 

4- S'olife t:^ + 7 oI|- 7 ^ C^^f) 

4- ^ =4i 8 -t- l> o4i«) ^ ^ C®*4«i) 

This it rsiardsd as tt»« perttirbafeloe tswi fro« tl» hsat- 
traiisfsr rats ovsr th« strai^t uiasiilos md ns f*t ttw 
Toiloniiig si|(rsssioii for tht hsat'*traasfsr*rats at tlis m^ls 
-i ^rr mA f ^ ^ <»« ttis <«i8S »af ts) for tho ««rro4 


askotO-us 


-SrS. 


p JkhiMi 3~, 


:S = a-, 1 


■v 


z- 


^=^1 ^ c ' 
d(-^ I ‘ ^ 

‘1='<r,l 


Ci.4.S) 


9 #6 iE^liS^O^S 

W# b#iV® p®Ffor®fid <Kj®piifc®iiioiis oa «i| ii.afe|^ 

(9«3*14) on IflH 7044 Coaputtr* imnefieftl values of ttie 
tefflptratur® inslds tbe aaniilajr vvfion ar« given in tetO-es 
(9*1) to (9.0)* SptfitifieaXXf tbeee tal0.et giv^a tiie values 
of C'T-tw several points on botfa sides of 

tbe l»>risontsl diaeeter. K» in etapter VII tim elioiee of 
^ * the ievnold*s ntaher is arbitrary in tlm range of lOO 
to SOO* fhe radii ratio of tlM tvo oylinders has be«si 
taken to vary froa •! to .S • fhe praadtl nmaber has 
been taken to be 1| and it is also in the ricife of the 
Bewtoiilan liq^uids. fhe eisrvatnre of the ©oil has feeaia taken 
to be *0a which is anfficisntly snail in ecnparisw with the 
radii ratios* Apart froa tbs points on tbs horlaoatal 
dianeter we ha^ also ealeulated me tenperatnre ^ofUe c« 
the radii veotors <^ = o end 4 *= • In gensral wa 

see that the eoatribntion of the permrbatiaa teniwirstnre 

on ti*# concave aj^ ccnvek side of me viwtiiNil diene ter 
is Just opposite ih sips* ^ms we disc^is ail the oases 
Oil only the oonve®' side ■= me heifi.sentel' ^tsmter* 



fftlil*' (9.1) ^ pmtllm ti£ tm 

lila# itralght oniiulut yi« 

fciii atsuiitd 4iit to tbt enfvttuTo of tk« «»il. dm 
aoynoW s awteor hm hmn taken at IQO aoi tka raiiua irntio 
,1 and the otunrature at Mt aee that ia eaae of atraight 

aihiulu»| th® t®op®i»itofe rises aore steeply near tkui ia^r 
wall than near the oatet wall. la tetneea the we^ls it 
heooBiei »ore statloaary idth the at t » .4^ m 

also find that the SeyiioM mmUit R has as effeot m this 
temperatuf# profile for the gieea radiiis ratio «f the two 
ooaeentrie pipes, the p*w%wt^mtlm teapeiitmre iner^iMes 
ia the hegicmiiig i|i)tO' 't » .iS wad tlwii it heecatee negatiiw 
till ^ <■ .40 and then again it heeoaes positive and tmmXm 
m> till t » .70 to heeoae jwsgative again till the outer will, 
the net result tteiag the rest! taut cd* the two to wake the 
tenperature sore statiohary in hetwaeo the wille. O^aer 
things reaaiaing ths sase if we iaerease Beynolds naafeer to 
aOOf the te%efatufe profile for ^ straight eaaiilas rewaios 
the satte hut the perhurhatiou teaperature heguua with a 
positive value froa near the inoer well wsd reaaiae eo till 
T e *70 and after that it feeeeaee joe^tive ai^ reaaSae so 
1^11 the outor wall* this ros®lti ia a stoop fell mm the 
outer we l l 1 * As we iaeresse R ■ th# ©oat ti hot ion of 
porturhatlMi toapera'^wo heroes aoro sad aefo.aa.iativo 
aftor tho suae poiat t * .7 i* ^ndaw ^ te^i^ 

turo profile reaaias at the widil <^= ^ elso* 
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bi«io«iiif *«ro It thtt witiesi dlai«t«r« ftans m gay timt 
tb® ol* ig w gniggft %% Hig boriioiitii dJLMigtgy 

b«coa®i smaller aad smaller as «e more apeards *lmg mi are 
someidiat parallel t©' tbe eater elreaafer^aee se<laoi&( t® a 
aero at tbe rertieal dlaaeter* Hils liapp^s t&r idtl ^ 
ioer easing* 

table (9*3) gives tfee teaperatare profiles ia tbe 
same ease as above bat ibe radii ratio laereases to o’ « ,t, 
1# see that for » 190, tbs pertar^tioa teaipe raters is 
sveryabere aegativs oa tbe borisoatalibAv^oa tbe eoavex 
side of. lt« utiea R ii^reases to 900, all other parameters 
rsmalaiag tbe same, tbe tempentiire beoomes positive 
in tbe neigbbourbood of tbs inasr mall ( i • «90 } aaS 
immediately afterwirds it bee<»ss aegative and remains -eo 
tbrougboat upto tbs oatsr vail. for iaereasiag R ^ 
teadeaey of tbe point of obangs of sign is to move toearde 
tbs oaber will rsaobing t • .90 for R* fiOO. for valass 
of cr "7^ • ' 2 . 11^ R D^Soo tbs pertiirbstloa tss^ratare 
remains asgativs tbrougboat tbe <;K>avea si^ of tbe aeaalast 
with tbe result ^at tbs tsmperatiirs oa tM.s side Is beloe 
the i#all ti»psratare idisrsas ©a tbs eonesvs side it ie 
bigber than tbe litll temperatwe. mis la evldsat frem 
tbe tables Cf*3) to (t.O). I0«pt tables me beve 

9iXm foimd that ao; ebeage of: sip for ^ 
temperattirs oeoares for lamer beiswMs »imtet» m «ie mge 

of m to : 



R>r »ou of sou nn, tbo portiuWtlaa 

t.»p.rotu». voluo, 

»t oUi«r points oa tlie borliKJatal <il«att«r» Far largor 
Vftlaof of cr tlia valuts of iIm saat tMiparataro ti sro 
aogati'v® ®t ftiJ. polats of tbo saa# 'dlwotop* fibis fiaptlior 
shows that for largo valaas of cr tlis tai^ralars la 
d*or«as«d m tha oonirtx aids and iaoraassd m. tha oonoara 
sids* 

M» havs also oonpmtad tha looal bsat^traasfar^ra^ 
from aqaatiw C7.4*2) on tha mllg of tha awaalas for 
tha sama sat of parmiatars as bafora* Iha points on ttm 
surfaees hava baaa taksn to im tlia radii vaotora 4 - o , 

+ y ± K m Bara wa aaa that at tba and of £ha vartioal 
diamatar l*a« 4 =•& tha partnrbatlm tamparatara is alnays 
saro for all sat of imltMis of R and cr , baoauaa of tha 
mwltiplloatioa of , fha partiirlaatioa ta»p«fataraa 

at 4 ^ -i: haaa tha saaa maMsrio^ ?alna tot haaa 

opposita signs* fha saaa is Iha aasa at 4 - i lamaia 
wa a tttd y tha partnrbaticai tw8p<mpatin^a <nilF at.tlia mda 

of tha radii vaotofi 4- 

fhi aill»iiaat'*tr«asfar'»tata of Iht straiitd> aaBalms 
is not affaotai by tha isyaolds ai»ber or ^pi^mdtl : 
mimtiar t bat tha nali-Jiaat^lra^f-tata is of tha 

ourwd »maltt» 1« fcf W»*. »• *»“• 

glv«t tb* h**t*tf*iwif*f***^ ^ ,*^- .^**** o***b 

mils of tbo *ur»od •i»»l«t *»» ««< 



r*tio CT- . i I Prci'l-o tlis caarvatisaNi 

% ^ . O !L but for iiffwmt rtluog of R . w^m tbi. 
toblo If® find that ®s R lotroosoi Ibo Mapiltui® of tiM 
gocondary hmt tr®aif®r rat« at botb tba valla iaoraaaaa 
wbaroas fcba aigna of tba haat^trauafar rata at Hia iiuiar vail 
baing nagative but l^at oa tba ©utar vail is poaitlva* la 
otbar vorda va ©an aaf 4m to ^ ©urvatura ia tSm 
aaaulus tba haat om tba iausr i«ll flova tovards tba wall 
and that of tba outer wall aovag towards tba lifiuid. ma 
nat rasult Is that upto 'R » WQ tbs tc^al boat traaafar:. 
rata on tha outar wall of tba amulua raaaiiia aagatlva aisl 
aftar this it baooaaa positiwa tbara al«>. 

fba iff® it of cr oa tba wall-lit at-truia far rata 
has baaa talailatad im tabla 'ao« 9»? • iara wt hart tabaa 
tba aaaa parabatart as bafora for' fixad iN^fuolda aunbar 
R *■ IDO tout for ofaanglui cr ’ • ^ Had that aa cr ineraasaif 

tha aaoohdarf haat-triiiafer-rati at loth tha walla iaeraaaat 
In Btagnl't'uda* For cr’=: ■ d. | tba aaooiidary— haat— tranafar* 
rates at tooth tha walla aracppoaita ia aipit but for larger 
values of cr tba two rates art of ;^ saro sight that ia 
to say it is positivo oo tha eohvaa sSila sad aagativa m 
tha eoaeava side for all valuta of 4^ l*i ^s® find that 

tha sigh of the saooaiaff-haat-traasfhr-fat# ohasgas for 

•one values of cr ia the :Hoiaitf ®f 2. * Iha aat 
roiult in this oast it that ^a total iai^-ttaiisfar-r.t. 
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on tls« Inner ii«ll for all ftlnti of 4> rmsmlm poaltivo 
on tti« con¥8x slda vdaoraag on th« ontar nail i% eteigea ttm 
nagati'va to poaitiv* as cr ineraasss. 



‘SaIiI.C 9m% I ^ 4" ~ ^ f la y Pv a> Ig 

S » ||,@0| “ m 4,^ Ipt ^ m% m 


J 

( J 


CT-to) 

1 


/6£,pkJ 

( 1 
- t|g 4 kl 



:,ii...,;ii«(i»ip -:iir^)-Ci: ummwffrrtiir i,:„:Mi,i'^: AJ i ,;.ft *,» 

#1L,® 

•mm 

•mm 

auMiiUhii 

«!MI 

•iisf4a 

<|ippn*dp ■iPPPrV ' w wifd 


•isiifa 


Mima 


•sma 

•t6 

.tram 


•mm 

•ao 

•ia«iai 

•mar? 

HHgliyMl 

iimilPiliP 

•aa 

•mitt 

•miis 

iiippir:|psw 

*40 

*mimi 

•mm 

•Sfaaii 

•4« 

.«r«7« 


•INIiSi 

<i«a 

#llfr lIHv 

•mim 

'anraiiiaHa 

•aa 

.M179 


4aiaiasai"iy[h 

fIIHIP ill' 

«40 

•aaiaia 

•.amM 


*ia 

•Siam 

*<mm 

•S5s?aa 

•f® 

•sisiai 


•atma 

»7a 



mditiit 

•sa 

•tuma 

•amaa 

M$m 

•aa 


•imia 

mrnma:^ 

nlplfalm 

•a® 

•HMtSl. 



•aa 

•araiii 

^mm 

iipBiPiMI ■ , 

ivoa 

t.|irjwrK.,fi(tu'B;rrx»r 

♦iPPiwP' 

jv iv r;f uri w: \ihi r m.M^€ '3;:a 

1,9mm 

'Ct J » Ml 

iiflHiiiQf 

w m'.'wmiA'iilpW' '^1„ M 



212 


Pubis' g fbtt |^v#fll.i)g qq 

^ - Wx 

tsm • i| i * TOf — m ,et mA cr • ,1 * 






::Mmw:(mfmmfri « m 


( t| h-_h, ) 

= S'u 4). tf = tjj. 




« 10 

•0@©@©0 

•000000 

•000000 

•lA 

•181748 

•^@8178 

•380811 

«S0 

,mmm 

•0^m 

•imoA 

•8# 

*mmm 

•000I81 

•»IWI 

•80 

rnmmx 

•©0«m 

.AfiOHSf 

•8A 

•si8ii« 

•004840 


•40 

•878011 

•007«M 


•4A 

•878378 

•0@0m 

«iiiii# 

•AO 

•871488 

•^UM8 


•AA 

•i4i#i 

•^00 

#SP']liPi 

•40 

•ifiOlA 

•08mi 

•Ma fippiP. 

•AS 

• VlPi WfWW 

•%i8is 

4P S^pi^lPd^P W 

•f© 

jmmm 


jmmm 

•7i 



•880881 

•80 

.mrnst 


•M7MI 

•84 

.mm 



•80 

.mm 

'«t404l!0§ 


•88 

•wtaM 

jMiuiyAiiMl 

’-•dBHilr 

■lias^^sSBpWHK 

. WPi ■ 

1*00 

•©©0400 

«M*9M 

l|if^8SpiP8r, 

;i;iui r i.uisi4i8CXKi«< mmmKi- 



213 


tmW,m 9a 

• fh» tMparateiM 


Swr • 1#®, 


■ ■aoo, i . 

•08 ifi4 « • 

1 

WJ«, «.«««», 

■ J-W-mX-WM J .»m- w, i..:tn:' .»i« it t:y:t;x .a:, 


f 

( — tw ^ 

k 

Cr-L) 

(PCy^jc^h^j 

• 10 

•000000 

•000000 

*wippilp 

• 1# 

• ail74S 

•omoi 

•iC^f^ 

•to 

•iiiooo 

*mm 

•07080 

M 

*mmm 

rnmmm 

•808108 

•to 

*mi$mi 

•010080 

•SiOtit 

•to 

•JMSiOi 

•030010 

mmm 

•40 

•isrtosi 


•180004 

•40 

•87000 

*mm9 

•SM£I 

•00 

•87lili 

*mmm 

amm 

JOT M 

•80800 

^msm 

ammm 

•00 

•80100 

•00018 

•IWwpII 

•00 

•ssroio 

.mm 

m'mmwWKm' . 

•f© 

•iiSiil 

•00841 


•70 


««00W8 

*.ipppripp 

•00 

•iiom 

««mi0 

•000 

•SO 

•0S99i 

*•00301 

•3i0fo 

•to 

•304881 


HP 

•to 

•IfOlOO 


m9m99 

1*00 

•000000 


' 000(88 


■tm-mmi him* x wfvniMi-ZMmm rn .wintf nt i«r \nmmmt 



214 


I.U* ».4 • B» ,» ?v , . 

* - «>0, a . ^ ^ 


^ ^ -tw ) 

= X- ^'“'t'f'x 


= t»£ + tx 

"WtxoCf^m-t I Kr9Jk$%M::M' 



•000000 


•0m33 

,30 

•I3«tii 

*33 

•133123 


•117731 

M 

•liiOii 

•30 

•133170 

•33 

•133310 

.30 

.wMr 

•33 

.lAWM 

•70 

.nam 

•73 

.utaa 

•30 

.isorn 

•33 

aisT« 

•30 

mmmfwmm 

•33 

•030313 

1,..00 

•000000 


mm ■. tv ra ..rst: . tf; i r :i %^:;«Y«k:i:::r: irt»r:iii\iif:xr«iif::^ 


•000000 

•iooooo 

IP' wHi upp 'w^ir 

rnmmm 

'tUMM ' 

•ooim 

• ww 

*•^3141 


' • ' IP 


*•071700 


•mmm§ 


*»03feW 

■IP 

*•031010 

#'^VwfPP 



••ooim 

•0I#03 

-•imio 

•00139 

*.|«|jM 

*«0f3jl33 

*.m77 

*•11^973 

*M9m 

*«i#ii3 

^M%m 

*^#]pPPKPP ■ 

Mmm 

•300003 


,LX r jiiwir. virji:ui^:i 



t*# t ^ U%IA m 

tm f>' « i*Ot 


B « 400| 

^ • •^ CT" ■ •! 

• 

■mM. , :k;::::',,«i j«;Mi:iww;:‘iiii\ ': 



t ...:.ni4,- .'■m: -.(k'n^-ru tiikirj .w kwiT 



^ i 

'mvxt ixrit ikiitu;»kit.::iirc:vc:r::i 


t 


= tii + 

*iO 

•000000 

•00^00 

•900000 


•otiiis 

•m#4 

•MiSi 

•i# 

•344401 

•oomi 

OilO 

»9A' 


••049101 

rnwm^ 

•40 


'••0tt4''07 

lit iiiiifc iiiliiiM 

•40 

•lotoli 

••111344 

•OHMS 

•40 

•3iM70 

••nmt 

•049111 

•44 

•344410 

••3011^ 

•047494 

•io 

•341447 

••300491 

iirittiiiii lit it 

oiPiHNPi 

•44 

•lioroi 

••109M 


.70 


••imii 


•74 

•343.911 

•«ma4i 


•00 

•340144 

••991911 


•44 

•131704 

••m039 

-.an*9 

•to 

•041944 

•4i444i^ 

•.••rsM 

#w# 

•OlOiSO 

••MHO 


]U00 

•iOOOii 

•000090 

jiihiyMiMii 




.-nAirki lumumm 



21P 


f I fldy InH# 

0“ • *1, ^ym u@ 


:ii:tr:v, ji;,f |:ir:»w:wwmr:ttW||tiiw m.. rx 'itfim m ^\ : sw:.::ti»;--f mm 

imm w&,i 


k'.tvnnix'firtvr.vm- i x xrM »i m .u,<iii i:.iWiT.iirK-i:ji. . 


. iii»i» I oirna 



R 

;:.;V:»»i:vHi*;,m*.:i 

JL 

X ^ M 

%Kic:. . 1. 1 ir 

3T/K 


im 


4*mmm 

•iitm 



nm 


•«CIIS1» 

•miio 


4* 

mo 


4«wm 

umum 

*^Wf4W4 


4m 

*i*siiii» 

$Mmm 

n.mm^ 

^l*0@ii|4 

1 

m 

^mmm 

n^mm 

4»mi04 

Mrnmmm 

m'\mw:m m:»rx‘xm 'xm. 

{ %m 

t i 

I *»msm 4^04m 1 



too 

*mem 

4«iism 

»mm4 

^m$m 

‘^=3r 

#ilD 

' *umm 

1 

4mmmff 

\ n^ieMm 

•^4N09NIII0ill 

•L. 

400 

«t,?l»00t 

4.m4m 

4smm 

1 

t.Hiawx 


•00 

«4«lMii 

i«4«tiiyi 

§^mfm 

4.«WU 


ctr::xmxfmMMt€mt. 






217 


« I*® 






liiis my. 


i ootii mix 

r 

\ 

O' 

JL 


|l /3-S )_ 

CA\^^/6^pKJ ^ 

' - fL CiAd ^ 

c^r/B■^) 

CAV^jCkfih) 

! I 


ikmix :. kf, .;.rm",L.ir/A: nwi _.ir 


• 3L 


$^mmm 

•simsii 



*t 

ummm 

$»mmm 

•aif Sit 

«^i^es 

4--jr 1 

Cl 

•9 

7mimm 

B^msm 

j .:; 

*^m4m 

M* ' 

•9 

l7.im9S 



rntmm 


•• 

tumam 

SSftSNISiNilL 

«7aittt 

«4»<m 

i 



• I 

1 


•ifutti 

*U44^m 


•9 

[ i^imm 

44 mm 

•#7t9t 



' .9 

lOmjMsmi 


1 

rn^tymm 

% 

*4 



«iff Its 



•« 



1 %m0mm 









21? 

a £ 

FiaKiagg 

Abbott !3.s*i 

KXJtno } • 

liso 

ftfttllftdft of OlftftSifiefttlOIMI 
of^strootioii of ftli^lfttltsf 
•oltttioQf Of puniftl diffomtial 
•flUltlOOft 

AFDaa - fa - «o - urn. 

Aofivott A»t $imhf 

A*jr« md P«t«f»oii|i«g. 

1966 

Hottiutiai «ad baat traiitfot iJi 

Imimf boHotory layar flow 
of oospiftiitoRiM ftoldir fHkfti 

ftittotaai ftarfftOftt* 

i* iQwrn*^ dfUlJHIf?* 


19€5 

to too ftotolloo of tli 0 *di 04 Mlft*' 
icoiftl bomdatf Iftfot oqiifttioiift 
tm ft aoo^oiitoolfta pooot-Iftv 

Hold ft* 

aogg* aol*t 99, I 0 i*ito* 

AdX«r| H* 

3jm 

atroKoog in ftolcrwiaitoo tobtoii 

Ztm 14, 937 • 976* 

b*fuiii i*a« 

mm 

to iftotodftty flow In fttatitofttf 
ftOtVftd plpoft 

ipiart* JftOim. Noob. Mato* 

14, «l • 77. 

Iba toft gat 1 p»l» mui 
bftiSftto^ftii Aftbi a*K* 

mm 

itoi^y wHioo of aooFtoifItolMi 

fioidi in to'btft* 

ptoo* 9ti« 'tongt* tboo* 

MoftlUf if 8tS • 

abft tokftgft 1 1 P *lt • 

mi 

On too^dlftoiiftltoftl bemoiftff 

Ifttot iJi ne«i«eftiftoQla» floidft 
vito oooftttoi ocftffteliiito of 
vlftooftity Olid ftfOftft^ftftOftltf. 
ppoo. lad* Aftfti* tol*i A(*At 
§6 • it. 

mi*-., mav tr- ' a w»ri "wt:!:/ tr: 

mm 

aoaHiowloelfta flolds^tooldoa* 
tlftl a^^bNiMi* 

Nfttlift* iofttitoft lad* S«i*@oagf* 

iiffdt lt«S», Stoiiftttt 
tf*X* mn^ 1*1 foot jWNIi 

^PftBftl^i fiioiattiito 

jbto aiiiitoft tad ioiiftt mw 

lettf 



fr«d?i0ksoa, 
ilfkkoffi §• 

ani 

i0gii«i 0»O* 


lSPO0f f L m3 m Ifm 


iartniif iNdi 

K. 


CImudtuiryi f*£« 


Cl«Cgi 0.B* ftuS 
PoiMirSi §• 


C0l«ai«Ki| B*&* 




liii 

19«0 

3dii 

m$ 

WM 


|l0a*i«irliiil«ii tUv Am 

laa. gagg* Cfe«ii.| iOt »«?-««, 

* *]i^droB7awi|««» • 

«lkr Pr«a«. 

fAew* 

@it«. Bogg. a«i*, 

Mtxmmt ftad prtfAi** 

Um of tiitimAtiioo ia aon* 
Bovloaiaa t%»mm 
Mm iagi* BltffFB-m* 

ea tlio iBfdtogfMOioa of ¥i«oo* 
olattio flalGa 

AppA. Sei« ioa,| $^k§W§^W&m 

Qm 3ks4.1mti%y aoAiifeioai of 
M Botiniiftrp lAfw ^Mioatioas 
ifltii olgoBifftio ioony* 

Joimi* IGmld Hook., l3,il7G*llf7« 


Oa tUM aotioa of viaooita 
U4|iii4 ia a awrfoB fipo of 
iwftorai aootioa liavlBi a Ha* 
of syaatltf 

3tetmmm .flora, aoo. of jTapaay ISf 


fSoa of a JMagj^ flaM ia a 
ING ili^Hir aiiftag talio. 

Appl. gfil. Boa. m 

I9it giamtioai ooaoapta ailii 

i^pMoatloaa in taa Maaitaiaa 
aai fka7aeG|ra:imiaa of laaoap* 
faaaikla fiaaotiaatiaa flalBa 
ar^. mt*U mm* laal.t t» 

m * m» 

IPig fat saaoidarir floit ia oarroB 

pipaa ........ 

aftg B and H ®W©* 

mm .piov of a -aoi^oiitiiilia HaM 
aa aiiaii^ aitdi poioaa 

WM* iil* Itatd* ioa«t i®t 
iBi * Mm 


mttat §•£« 



220 






BcftAi W*R* 




0#t]r»,R.w. 


|)9ili.Xtf X* M* 


Q^ltulisdL Iff H*R« 

i#it k*3» 


imatldt , J. 

/ ■ 

fr«4lPi#etoai A* 


imi 

wm 

ma 

IM 

19a 

199§ 

lia 

X9i9 

mx 

19U 

MX 


df 'ft Yitfteftlftfttift NftftiMiJUl 
fXitld Ahtoftfii feiOMift mdftr 

im*9 41 - 2w * wm. 

Stftftdf fttfttft %h»wamX f^mmm 
%m m ftlftalift iolii tosnaM 
lif Aifft oouftft 

zm.t IS, X7S « %m, 

ffttft m tlift ftfttiQii of lliili 
1& ft fturtfti pipe* 

PHI. Mftg*, 4, 90i • m« 

iiffttiiliftft mttem ei flidL4 

lift ft fturva pipft 

PHI. Mftg. 30, at • iOft, 

a^eftaar? flaw %m eittiFa 

pipftft 

itteftf Qt lOft Aftro* laftt* i>f 
thft S.f.g* Si»«9i}. 

A rlwftlfti^ftftl ftiiiftitA&ii &t 
•tfttft M 9 h. prtmftts ilftiir 

viftftOiAtx, aorwil 
•tffttft ftoA 4pi«ftle i^iili 
imea. ippl* PH9*§ 3€fiM9'»t94» 

Hftw iwOfttioftt of .lixMliHaNiifloa'* 
m fli44ft« 

Pk.&m UMiftiftt Agr* 13ilv«ttitf. 
R.fti4 aiAftAft 

Smm* tmA* lfti4* €SN«« Sli 
837 • aNH* 

X^ ftffftfttft ftf 9t0t ftilglftO 
Sfta m Oftftt tntaftfftr la a 
pipft* 

Ifti^* afftXi#'* la Aasit WtmmfPP 

m. 

§m iltmi 

fmm. Aftf* a«« no* 

iftlAftftI' flaw M ftanalftF 
■ftftft ftf vift^««AftA«A4 lAiilA 
a**# 8i!N|i* 4«l«t AA* 

m * mh 


221 


yyotdiolit i* aa4 
aaoX» ll« 

}JM« 

cioMavalat a« 


CifaalN»l| W«p« 

Ml 

arladlayy 1«B« «i4 
aimai A»H* 

MS 

|{a)»avaati« W*L» 

wm 

Hava a • lf «i» 

MS 

Howar^t !«• 

M4 

lagoff toiiHii 

£Si4 

XaMaavOf $• 

MS 


IMt 


9t Hi* 

9»t%im9 9t ifatalvt 

JJ®®* iJJ* »•* 0**««<»Jia8feA» 

Mk»4«fit !>tVii3»iNi«iitt im f3.ml4 

••ftfeiaiti f®l, I 

0xf^4 at IlM ^wmiou rr®»t« 

SlaMlity of a iti^oaiaA llttli 

ruraiea of laulda, 4taii»Sii. 

Soa Doto CltlS) 

mo* mf* ioo* MM • 

114* 

io^fliarf flon a^i^ a iplwi* 
rotating Sji a iriaootti lloiiid 
loaldo a ooaxlailf rotatlai 
•pharloai ooalaliiar* 
f^tlos of niil4a« 

INMo aliaililita m tioa liaat 
traasfar proiaaa* 
fraat* Xagl* <^aa« i^ra L«^« 
I0f i4i * x4?* 

da oalo^atioa of tle» ataa^ 
IXev is tlia toovmAaff Xayat 
aaar tlia iwfaoa of a iqrXiadkiy 

ia a 

Mm U9p* «o4 lloior* Xiit* 

giailafity aolatioaa ia m* 
itaa^ tonaiaif lay^ thmwf 
ia iiaiaai9*Mi*iiiiiiiiM 

oa tlia aiaiiafi^ ooaiitiiaia 
of t&a tmo«4iaiBaioaai %oai4* 
ary iayat ofor 

toOioa of roi^latloa 
§sli* 4| 

ifittloa faoioia i^t 
flow ia Mypfod pif #• 
y* iBfii* IBriaa* A«tf 
9ll» %S» * 


IlOf i« 



221 


Fvoliliisiiy i, ati^ 
.iaeic» A* 

i* 

(ira«b«lt M,p» 

ail^ioni kmUm 


UMi 

mi 

ms 


tfe»ofy ©f 1^© i*lMi^i^|i«©3. p»©* 
©iftl©© of ifsaiii©© 

4l?« St **** 


rnwtlmpmmtu la CLaM 
■©elicit© f©l, I 
0xfw4 at til© Clar«atea Pf©©s« 

StaMXIt? ©f a iMtoaiaa flMi 

la ©©Mott© flow 

Pbaraie© of P3.alii» ^lAiMfe. 

a«© lioaa ClMI 

Pf©«. itof, iott. fol, MM. t 


liab©]f«©ai w*l«» Idit 

gair«i« MM 

Bowav tBi i* 1934 

iecoff folp©! 3941 

XaBiaaiMii i* 19® 


IWW 


BtooaBaff flow aBoui a i^bti© 
rotatlag Ui a wltmm ll©al4 
ia©14© a ©oaxlallf yotatlaf 
©l>li©ri«al ©oalaiaor* 

of fliil4©» Bym-BM. 

Soa© sl4«Ilgbt© m Bt© Boat 
troatftr piK>BI«a« 

Uraa©* lat^. 0i©a, Bi^jr© tm4m 
10» 141 * 1®. 

4a oalealatloa of ta© ©toaiar ' 
flow ia til© B^niatf laf«r 
a©ar tb© mmfmm of a ©flliBov 

la a it»©«i* 

416 l«p* aa4 Nioor* 1®S« 

il'allafltf ©olatloa© la aa*** 
©t©a# toaa4aif li^wr ^©otf 
la lla4a©fe©*9lmi»BS^MM^ 

4a til© ©lidlavl^ ©oiiiitloa© 
of ^0 ttafoO'HtUMai^oai^ iMitiai* 
©af layot ©Quatloa© evoa 
1^l©« of rofolatloa 
lall« 4|| 4S4* 

l^otioa faotot© taaMoi^ 
flow IM ©aaioB pla©© 

J# Baal© l>ifag« Draa©* 441% 

mi$ m m 


IlOt i« 



222 


lliiOi H* 


f^ertilaal mi 4 iKpariaailal 
lavtstigaiicicia oQuoamliig flow 

iaani«4 pipaa 

ii«a« laat* li|^ Ipaad Na'Sl}* 
fe&alea laiv* lapwi 14tJ>f«*|?t* 


39SS 

ffea aalioB af aa iafiiilta 
e^Xiadlar la ratal la« aoa* 
lawloalaa Il4|ai4 

a&i m • dti* 



ft* atal^llity of o«rtala aaa* 
Itovtoidaa liqaida ooatalaa4 
tatipaai two rotatiag ayllad^a 
imm 0 iei* aai tagg* Haa*i 1 § 

m& * ^1* 


mi 

lloir of a4«iHiaiitoiy.ca Hqiaii 
aaar a atapuitioa polat 
me «|ttK>at Miatloa* 

JToiim* sel* aai Kagf* laa*i % 
81 • 8©* 

i« 

im 

m 8artt% fti4 adi* 

Caatridga ©aiiraraitr fraaa* 


mm 

maaaatargMig aad Praek 
«ar taat la iia^aaK laiaa« 
g* taia* Saat* lag* 88t 1888* 

i Q^#S f Jf % It* 

mm 

Hov of a aoa«4laiitoaiaa li^aldi 
ia a awwd pipa* 
qmwt^ Jottra* Na<^*t gppl* 
Mata*| 33f 4181 • 4^* 


mm 

Soaa pfotlaaa ia Mroiyaaaiaa 
of aoa»iaifloaiaa viaa«aia 
U^iiida Id til aariabla aoafli- 
aiaat of avoaa*«viaaoaity 
proa. Hat* Xaat* aai* Xadia 
«!*. «1 - «*• 

EapUTf J*ii» m4 
iki«aM Qiwl. 

mi 

Rm of VlMS-«luU« 

mu M* 8iMi*t ®ti"8. 

Kapur I l»i« 

HHa 

a aota an iafaraiarf lafa»^ 
a^witloaa fm H^b 

i&wm* Plft* m§ 

m* 


mmh 

p8f » got* of #apt» 888 84^* 1® 







Rftpmri Jki, «a(t 
duptfti iUC* 




Kftpury jr«il* aivl 

Qli^tfti ItlS* 


KApHTf J«jf« «nd 
Sirivftstairfty l»»lf# 


lApHTy mA 

SrivastftVAi 8»0» 


SilipliWy ^*lt* 
fyilfiy f*f« 


Lsaiiaiiy !#*ll« 'luoi 
liiftbitst S*ll« 


2i«s« m* mptiim ®f • pmmflMw fXiAA 

pMt « miAmlf pl»m 

mXU 

J^ab l^&SPs. m^rn JapiJit 1®# 

438 - 441. 

WSAA Wl&w ®f fl«yi* piti 

1 att pimt» lAim iifiir®f« 

lOMl INitipMm tif® pirtll*! 

ifitli aiilfoiw stteH.®® auai 
lajaetloa. 

i@mnm di>«« lit 

mn - ®8t. ^ t 

fwa'^wailQaal tlmwu of • 

IdiS* pwer*lftif fluM la tli« i«l«t 
lmg%k &i m flrailbt eiMyiB«l« 

43, Hi • HI* 

mlmAtf profits 
f®r Ha aow of poiNir-^v aiilis 
ia tb« Ib 1«% Itagib of otroi^t 
clMmaol. 

tl'OOlnftf , 3, SB *• 3i. 

A £»%• oa tio Qoarliiiomr visoo* 
HBAA oitr •ff«®ts Sa fllSor t^niurliii 
lml»a«aUoa* 

?fa»s« A*S«N*I. popor Bo. 

yam * § 4«i 

pr«oimt«i at iik.MHiI 

atoteiiif mA Biorgf H^’otoa 
fxiHigltioii lov forli B«¥* 

flow of f oiitr*Iav 
ifis in in 

Mlttf 43| 837 * fit. 

4 aoto of lapootlMU^ of 
»m9 novs'fciv f«Borai Boinof* 
Siwiia auiii. 

Itotli* Sgi^oort 4y Si • 4i» 

^mior ioliililoiii of feomiofir 
li#| lOlWY twe tlfOHliiMNNr 

loe«l aowi of * oortolA oimoa 
of flolio* 

iUBtf, 44, 33? - liS* 

andis MooiOBlot 

fotg* ffOOO* 





ianglolii W* i* m4 

Rivliai H*3. 


ftH* m4 
1*1 • 

Mtyooimrt it* 

Htrlmlt F* 
M«gtii*r» 4»B* 


MtUl$ t* Q* 


Hoiiaii ttftO| B«K* 


idga 

AWwiP 


1>«B 


b#tii«ga mMirng 
Appi* Natlu ti, fi • 7x, 

•Uatif fliiidi tBit>it(|i aeiil 
eireiHwp tab©© 


3di3. 

IM 

mff 

m$ 

ifii 


»* umi nmt &r a n§m» 

• ©plwf© 

mn, -foysi; /©A* m4 Appi* 
14t 36 - m, 

sm^ gimiJikHW mlmnMam ®f 

P«rMil aiff©5®tl«l iSStlLt 

©f loaB4at3P lay©»* 

Hft8* fi€to* iNtp* 3?&. 


SI# Qft^lagta, 4#f MunMiifi* 

p,6i, *i©iiiiK^f, 


* *S«a-il#iitOBli« 

ia Qbm, mggm f®l* i 
i#i6a«it Fftif i«a tmU X» 

•♦lie© @f a#a*i#irl©aiaa 
ia 3aadbM»li &t Fli^i Sfnaai©# 
•41 si^aMtar 

if<^a© »11 finale to., lav Iwli. 


1360 tatatlaa ©f a 

••ftala aoa-lairlonla# li^alO 
flXl#4 la Mmm %m aaaaii#! 
«3rXlii4#g#* 

mt* sel* Joan., lO, 3fi • i7. 

I»i3 fimt &t a ilaiiiaU ritti4 totwaaii 

%w ralallai ©©axial amiaa fiaviat 
lb© ©aa© vtrtaK* 

Fx©#* la4. toiMi. S©'!*, 

3ii*t0i. 

nil ••©tllla©©© aatlaa ©f a NaaaaU 
Hull. 

Fenra. Xai* Xaa%* tol.# €6, It. 





MOfgOtty 


wm 


Moriy f« ^aad 

MaKayaiftt if* 

wm 


wm% 


it#i 

iaad*! t*9* 

19^ 

Xaragialiaai il*ii*L* 

3941 

Xg aai 3ftil«l 

191^ 

iipparti i« 

im 


ym 


ffm iiy &f Urn 

ot iii4«|}^iDt vari«lil«t 
la 9&m tytt^ag ©f far©l©l 
MtUxmtUX IqiiAtkns* 

I. Mtetii., t, •#§•!■§« 

Staiy ©a f©t««d mm'^m%%' 9 % 
iteafc Sjtt ©afv«4 pip©* 

iitt ri^rt, I^tKiair l©tlc») 

Intm S* i©tiN»ts %rtaiif*f| 

S| m • ig« 

©a f©r««il meiVflKiiiv* 
b»gt tr«agf*r ia ©axir«4 pip©* 
C3ai i'©p«ft| fwlaiitat faglia} 
Xat* i* g©*l N*** 'friiitfat I®* 
f? • m* 

]^r©ft4 ««>av©eiiv« kiat %**a©f©t 
ia « ilmifht pip© rat ©i lag 
wmi. * pajtmXXt^ axi* 

Cl it f©'|iort Iwaiaar rani ©a) 

voi. Wt nn » ii»i« 

©a ta© " tiakf «©*ai««s*iaft*l fl*v 
©f ©if tala aiai*»i©ift©[^*a 
liquid©* 

Ar*li« ]t*idi* it**o*» 14| I97*lld* 

Itaiaar mEHi9^md.m flaw ia 
■a «aa©la« lilli pomm ©all** 
zm^ 41| 44 * 64* 

i^•li**«f ©itaaslly ©fiatt* 
ia ilM©* baariat iaWi*»tlaa 
ir*a©» AtfEi l©m* .i**i© l^fg* 
•i-Ut 198 « M* 

O^r dia «id*** 

•ted ia iplomte Eaaalaa* 
|iiri«lNiim*iMift Sid* 

@a . aa'l*llr‘«te^i‘i« 

8©iftelia Hawt* 

9ill« 4*I« lialfc* '.§©*• ®if 
I4i * 1ft* 


0li*fOii N*!!* Mi 
Eapufi d*i* 



Okab«i 


22P 


liil l&i&lftfltir ia 
flairs* 

mp* K«s* last* l^pl* MstO* 
Ip^O. Iftlv* lly mm 


old?oir«ii 

vm 

Oa ttm fomatioa ®f l^.loil«al> 

•®aatioa of itstt* 

ftmrn Hoy* da®* i4®a®D'a>)yt®0*4i 

m * sii* 

oWroyd, Jf.Q.i 
itrmir1)rldi«t I^J.aad 
yCKiSi Bm 4* 

mi 

4 taaxiftX tyliaitf vitoaastar. 

Ffo«* Fays# io«*f •♦••» 44*i?* 

OltIfOfif J*§* 

wm 

Hos-ioift^aa af foots ia it toil 
ootloa of sea* iitolisoi tlostloo* 
oisoous Il^olis* 
prot. iW* m&rn C40lli0B)f®4i-4f 
mu <* 197* 

Fail H*!* 

wm 

flsooiit flow PiWTi iel* I 

Bm Voa Bostraai tai da* 

Fmta&1t| J*F* 

mB 

How of 0 B»tt»i«wt«aiao 14<pi4 
tlarougB twe oooxiol twrwti ^pt» 
imtsk. fOys* soe* of ^opiia tli 
mu • Bit* 

F®af •Ofit ' K* 

mn 

foBlts fof stotistloioiui tsi 



llool&iMisti'iolsas I 

Ooib* Iki^lwsrsltf foots* 

Fialciis» Oy 10 ^ 
^ofuliolity B* 

WBl 

Hiooff of ifipo^iaeoio 

tim* 

llodrov BU.1 UmU @o* 

pipielni 4*0* 

im 

j|gPo ooiHlswt^iisa of foots la 
How IBrooiB ^Bot , ^ 
loopta latofoatloaol dsa^ots 
m ito^Cf If tit • tit* 

Fr«iit#i«a, i. 

19i® 

fiis sloest liiM fototlisEi of 
S^STSoli^twti* ooaiM«tPio 
•flotoo* 

isjasimafit «* 

iailiiiay Mr 


Haw of 0 Bostioalos olott of 

ss«gsir«: w*rS‘-*^ 

-rsr*rJ*s». 


22 '’ 


aanlclat S« 

wm 

m mtmrnX nn^aMtiiii 

©f Silftwiirtf ■•©■irli. 


m% 

A M©|jM«ati«©l tbmff «f iil.«tmiof 
m* smm* ictiii«i #• $m «* iii« 



9^t&fwmtim§ itarftia msA flaw 
l.©«it aai 

jll, 1 M* 

m& 

Sat ^mkaM'All Sa gakraiHiaiaii 
^llaa gaMaltmigaii* 
wmmtsmgB » m'hm lag* naaaa 
i©* 3ai« 

j^IyUbi M# S« 

ymrn 

Wm ]i|fd»©dpMai«a ©f iiaii»l«wl©* 
aiiii fluids I 

jP’i’®aii s©#* C^adanXf 3ji9*’lb§ 

3d0' • 

awiirtfiiJiiiirwiir:** 

vmb 

l.arga ©last la dtluiitstioa of 
Isoiropio aol&afi&l If, rmttmw 
mml&pmstt of gooaral ftiaoff* 
PMl* l^siis* ft»y» iso* CLofHSiin)| 
»4I « A, 379 • 397* 


Dili* 

i«»go Stiftio ilafaf««tioos of 
iaolfopio aMilorioia V Wm 
ffoblio of flaswro* 
ffoa, M* •»«• (]»a»d©a)f199*At 

m « m* 


%mm 

Wm Itfdrodfiuiaiot of iKasr^oifio* 

aioo flvMs II 

froa* fMI* 9»a«» 4% 


mm 

of mm froiiMs ia 
axaat ttwoi^ of alaaoalaatioltf 
gauia* IUi%f# Haaiki iaal*i #f 

m • DM** 

iHflitti M»$* m»& 
iSPX'ftlKSOKly 

tAftH 

l^asa iafoiaattoa salotlaa fit 
itotfildi oatifiiA. ^ 

- imim* •»♦!# imH-rnt 

* iii* 

glvliAi i»i» tad 

A* i* 


iloadf How of aoa*l^iitoaSaa 
mtmi^ joioi 



muM 

Silt* D«l.. 

ieti«eht«ri B«i« 

sotiliolitiiig ^ H. 

Ilf* I* 

aoott-Blftii* 

i^«biiii| B*A* ftnft 
M« iLaUiliitiii I*F* 

atrriiit i* 

Shmrmmi i.K* 


wm 


JwJ * 11 ® fwmmmt !»•• la 
«fia«d tai«s wtm 
lurbiil»% flov, 

***^ **••• 

- mi. 


liti M*s» lll•tia la eits::;l®al Hmglaiar* 

iUJa 

B^irtrsitf of Olal^ iili 

dly. 


I9il On otoaiy flav of a wm* 
ioiil^aakltta Haii la oflladrlwil 
iaoto, 

fooMiiii Ti| iii* 

Ifii l^f mf TUmrf 

Noarav mVL look ao* Xao* 

flat appHamtloa of imt^rntf iiqrat 
t'mQwy to oovor lav Italia { 
iiailar Solaticaia 
Ai^s. I, ii * as, 

I9i4 pareoaal €Mi»ttoioatliii« 

IIKNI * *Xatrodaotloa 1» laiaatrial 

rteoology** 

J, uM JU bHiiQa* 

Real traatfor la tab# #11,3.0 vi.tii 
Imdmr aad tiarlRiliBt flow 
Xat* I* Beat Naao fmmafmp 
iy3S?»i9i. 


iSii FoliOiillta ami. QamAm How 
of aim*S0wtstkaim Italda 
m, ms* 9m* 

300 SRffaaioa «»f fOftlelti' 1 a 
viatoalaitio lifmiia* 

Joiana* laao* #fi* Ftfa« t i§ 
13$ » Itf* 


iSiSa of 'a iltooitaatia ftali 

wat itaanatiaa 
Iowa* wa* ioa* 

^S1 • 


Solatloa of a alwa laaliii 
la^ a HaaoaXaatlo 3>lsa^# 

ioit 999*§ S^ii i® • 99* 


39iib 




ldii« 

glMgf 

2i^» 69» 3ia • m# 

SoMXlcri hm 


«9«f 

w»6 tarMLaats atranRig. 
zmt i» 96. 

n '1 if# B« 

ifis 

1 ^i«df 3 r fer tli« i^omm fil« 
fat flat# ialwiaiatt* 

ASIB. ii-ftOBS • #• 

Sing^t Ptvi 

im 

91^ of « vifooiaattio NojEWoll 

^vealwr evliaiori* 

im^ 44, §30 - mi# 

iletllaiigi 4«g«p* 

i§i? 

flow •o4 lo«t« 

frmafor* 

161^ ta# lk>a«, Xaa* lotr 

fork* 

gquXf 5 H.e>- 

1964 

3«i« iofiia* 

grivasluiv«| 4«C* 

1966 

ihM flow of *'& 0 KHi 01 ll^Ot«i 
liqui# aoor ft fttatfifttlftii potat 

9, io • 84* 


I960 

9otfttft»f Oftftillfttioa of an 
iftflnitft piftfeft ia l9»a»Bft«loiiiftB 
fluiift* 

4p#l* g®I* 90ft*f 9*’4f 669''"'0ff9* 


19€1 

flow of moA^fti^oi^iKi 0.tii4ft 
%% mmlt ioyiioM'ft awiBor 
two laftftiti OiftOft* 

t* inmm# NftiB* Atipl* , 

14, 

gri¥iifte4¥ai 

1966 

pr&p*$m%im of mil ^tliyrteiiftftft 
In ft ftfteioinfliiiift fimftlftttlo 
ill* to ^ oloit oagolo? 
ftotloa of « 4lto* 

^oam* ioI» ami Bui* 6*«*a 

343 * 3i0* 


19id 

98. 0« X*X*f«t E«»»V* 

3iPiir*«t»VA| l«at 

196# 

Br4ro49iMMil« lakriofttloa of oa 
pmm ift04 Jtmlat 
IlftlilR 4 l^«0f*6l^l8 flO^ •• 

iti* itft«i lirii I*® * 



230 


flmmmf) B»H* m<& 
HnH&etrti 

wm 

fX®if ©f m •Xaa%liN»-*iria©©na 
Xi<|iilt in a ©nvvti pip© natar 
prassura gratlant* 
loura, fhxkd nmk,^ 

H«E» ant 

WaXtapst 

X»6i 

3s fXm of m aXaslia©* 

visamit il^ait .la a aarvad pip© 
ot ©XXiptl© etasipaaQtian «n4©r 
a pr©saiir©*g»aiti©st» 

3* fluit N©^., ^ is9« 

tofflitai tm 

X»iX 

AsalTlieaX tf©ala«it© ©f 
'BairlN^aa IXslt fiaa© iqr 
isti^ataaiag tfeia ©oiMiii^tl^s «f 
lK»mtai7 Xapaa* 
ialX* S©©« litaE* liEMIg«i 

€f T?# 

timaaiMXli C* 

19$5 

l^po«>tlaa%Xi^tf 

M%%» Maaiut AnftX*f t. 

83, 

waltatii K* 

X9il 

4 sol© OS til© raeUliasar fXaw© 
of aXasliao-flaaoiia Xlfsiti 
through pip©i of oirm^me «»©©•» 
■*©tloa« 

4r©h, gatX, N©^« 4liaX*t 

411-4:^. 

waitiiafiiii 

IfSS 

MatX* giviaory 3©aa, gatoitaat, 
f©oh. Hot©, idif* 

MiXIdLliaOtti M*L* 

wm 

* *goii«Eai^eai«a fiatta* ' 

P«7giiaan Ptata loiitaab 

WlXliaaa, ll«C. ant 
m.fdt i«i* 

19&U 

Slaisdr fXo© of an 
ifisao«alaatia fXult ia tiihaat 
gXlta ast narro© aaniiU 

X n Cb# 8* S ©IMHft # § # 



enaatasta ©Mr^ 
for iiriw»o*i^satX© flutta ^ 

Phi’S lot @f Plaitai 


xi^ 

llaa n»w mrnt^ mmmd 
pXpss ^ 

Pro©, i©f* fee* X«nt®», AMi| ■ 

34i • w* 


19^ 

fXili urSatlan md it© roXatlan 
to liaat ^ 

trana* Sn^* 

•i. 






